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1. Rotating Cylinder Fe¥:EE{H

(a) [1] Alice shows Bob her new cylinder collection. One of them is a hollow cylinder. The cylinder has length L, radius r and
wall thickness § <« r for both the bases and the curved surface. The mass density of the cylinder is p. Find the mass m of the
cylinder and the moment of inertia I of the cylinder about its axis.

(a) [1] Alice [3) Bob /7R 1 AT R AW - P —PEZ0ERE - ZEEENKENL - #&E RN r - EEMANEN
ERHNS < r - BRANREREN p - KERXAWRE m URERGRZEMENENRE] -

Fmax

0
force the cylinder can sustain without breaking and A is the cross-sectional area perpendicular to the direction the force is applied
(see Fig. 1-1). By considering an element of the cylinder when spinning (refer to the top view of the spinning cylinder in Fig 1-2),
estimate the maximum angular velocity w,, 4, at which the cylinder can spin before breaking. Express in terms of o, p and r.
Give a numerical value of w4y for L = 1m, r = 10cm, § = 50um, 0 = 20GPa, p = 1.3 g/cm3. Ignore deformation. You may
assume the sides break before the bases do.

(b) 2] ZEFFEBRAKRIKEFIR - EARSHWNAIRE 0 = % B F o REAEMRAIBEASNEAN] - A2
EHFTRAHZENEER (RE 1-1) - BEZREEEFEN—M0T ( SEBRERTENHEAE 1-2) - EERTEE
HAINBRANBRE wpay © Fo,p,r KFIE -

BHEMTHE : L=1m,r=10cm,§ =50 um, 0 = 20 GPa, p = 1.3 X 9 g/cm® » T & w,,,, VEE - BEEFZT - RO
RIZNEET EEE -

(b) [2] The cylinder is made of carbon nanotubes and has high tensile strength, o = where Fy,,, is the maximum tension
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In what follows, we shall assume w << W,y

(c) [2] In Fig 1-3, Alice uses a motor positioned at a height h above the ground to set the cylinder spinning with an initial angular
velocity wg. In a prank, Bob uses his "psychic powers" to release the cylinder from the motor without altering its angular velocity.
The cylinder, starting with a negligible initial translational velocity, falls toward the ground, which has a coefficient of friction .
Ignoring air resistance, assume that collisions with the ground are perfectly elastic in the y-direction and that the collision duration
t. is negligible (gt? « h), where g represents the acceleration due to gravity. Sketch a qualitative graph representing the
trajectory of the cylinder's center of mass.

ETFXY - BRI 0 < w0y °

(c) [2] &l 1-3 - Alice (FALREERMESEN h LB, » EEIFHAUTIEERE o liess o Bl Bob 157 &M

Bl > FIRtR @rEEREE AR E B - BRBEEANTEARE - EFARNYIEFERE R ZBRAITHIEL T
@ithE 5% - ESEERENERRZS p - ZBRZESEN - HMRIR - SHttENET v A0 A2 MhE » B
hibERT () ¢ IRFE (HE gtZ < h) > Hf g AEAMRE - 58S BB OGN E $E -




(d) The cylinder hits the ground at O at t = 0.

(di) [2] Find the velocity (v, v,) and the angular velocity w of the cylinder right after the 1* collision.

(dii) [3] Find the position of the ball x(t) and y(t), as well as the angular velocity w(t). Express your answers in terms of the
number of collisions with the ground N (We take N = 1 at t = 0), the time elapsed since the last collision At, h, g, r, and the

ratio K = mTrz You can use the floor function |x| which denotes the integer part of x (e.g. [z] = 3, |e| = 2).

(@) BT ¢ = 0 WhEFIHERR 0 -

(di) [2] SRE—RIFEEBREETEHRE (v, v, NBEE o -

(dii) [3] SKEAEARNIE x(O)F y(t) - URARE w(t) - ASMEMZERNREN (iRt =00 N=1) - B LRAE
PIRETHIRNBE At ~h~ g~ r UREEEK = mI‘rZ RERBIRE S - RO FEVEER Y ( floor function ) |x | + BFRIR
x REHE D (B () =3,le] =2) -

Solution: (Thanks Edison Fu for proposing this problem)

a.m = 2npdrL + 2mpSr? = 2mpdr(L + 1)
We can divide the moment of inertia calculation into two parts: One for the curved surface and one for the base. The moment of
inertia is simply the sum of all individual I’s as it is an additive property.

1
I = QupdrL)r? + 2 x > (mpdr¥)r? = mpér3(2L + 1)
b. Look at a segment of the cylinder of angle df as measured from the axis. Assume constant tension T throughout the cylinder.
A=L6m=pLérd6

F =Tdf = mw?r
T = pLér?w? < oLé

o 39000rad

w = |—
max pT‘2 S

Remark: we will give full credit if you substitute the value of p = 1.3 X 9 g/cm3 and get w4, = 13000 rad/s
This is a very large angular velocity. For reference, a helicopter blade spins at about 800rpm which is about 84rad/s.

c. The cylinder gains a little bit of horizontal velocity in each collision due to friction with the surface.
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The candidate must realise that the distance between successive bounces initially increases to get any marks on this problem. If
they correctly notice this, but make any of the following mistakes, 1 mark may be deducted:

- The height decreases noticeably with more bounces

- The first part of the trajectory is not a vertical line

- The trajectory is not parabolic between bounces (But bad drawing skills is excusable!)

d. y(t) is trivial: It is simply equal to MAt = %gAtZ.
It is easier to solve for x(t) by considering v, (t) and w(t) at the same time. In each collision, a vertical impulse of Zm\/m is
imparted, so the maximum horizontal impulse due to friction is 2 ,um\/m.

[1 mark]

As a result, we have v, = (Z,um)N and wr = wor — K (Z,u\/m)N initially. When N >

WoT

K2R the contact point no



longer has relative velocity to the ground as v, = wr = T:I: After this point, w and v, no longer change. [2 marks for correct
w(t)]
w = w, —g(ZMM)N, N < Lu(l :);’(r)mj =N,
w = 1:)_0[(, N =N,
In what follows, it will be more convenient if we let Ny = [m .

. . oo [2n o . . .
The time between successive collisions is 2 > The contribution to the horizontal distance for each N before steady state is

8uhN. Summing them produces a triangular series.

N-1
x= z (8hN') + (211y/Zgh)NAL = 4uhN (N — 1) + (2u1/2gh)NAE when N < Ny
N'=0

WoT 2h




2. [10] Rods and Planes &5 H

(a) Gravitational Field Generated by Rods FHAH#E= 415 [ 13
(ai) [1] Find the magnitude of gravitational field at a distance d from an infinitely long thin rod with mass per unit length A.
(aii) [3] Consider 2026 infmitely long thin rods oriented along the z axis, each with mass per unit length 1. The 2026 rods are on

positions (x,, y,,) = (ro COS <70 51n ) where 0 < n < 2025. Find the net force on a point mass with mass m located at

(d, 0). (Hint: You can cons1der the complex roots of the polynomial: (z + d)2°2¢ — 12926 = ()

(aiii) [1] Suppose the small point mass is constrained to only move along the x axis, determine if it will oscillate around the origin.
(Just answer yes or no)

(ai) [1] REEES—RER RARREN) A A9 SEIR-E AN BE d AARYE | 75738 -
i) [3] % 2026 {515 2 FEHRSIAAEIR A » SHRABRBAOIT R B0 2 - 5 m RABIE L LAV
(s V) = (1o OS2 1y sin 2 ) « SRFTEESY m IR SAE (d,0) SHTE5MT -

(?}ET {/_]\—_[LX% /uﬁ Iﬁ—t(z + d)2026 2026 =0 E,JE$EI<>

iy [1) 532 5 RTRIAE x S22 + SRS B R EAIS ) - PRI

(b) Gravitational Field Generated by a Plate. FH AR =4 195 [J73%

(bi) [1] Consider an infinite horizontal plane with mass per unit area o, find the magnitude of gravitational field a distance h above
the plate.
(bii) [2] Consider a flat and horizontal circular plate with radius R and total mass m. Find the magnitude of gravitational field due
to the plate at a distance h = R above the center of the plate if the plate has uniform density.
(Hint: f =1- —)

(1+x2)2
(biii) [2] Consider a horizontal, equilateral triangular plate of mass m, and side length a. Find the magnitude of gravitational field

due to the plate at a distance h = % above the centroid of the plate if the plate has uniform density. (Hint: The distance from the

center of a regular tetrahedron to any of its face is g of the side length of each face.)

(bi) [1] FE—FKLPRAHVK PR - HEFTESEN o KAEEE PRGN h A5 13758 -
(bii) [2] FE—KACPIRERIF PR - N R - Dﬁiqziﬁjﬁﬁ‘ﬁ  EBTEN m o SRIEFEECPAR UL E R = REL > i

SRR AR R - (BT ) 2 =1-2)

(1+x2)2
(biii) [2] FE—DFHEN m ~ BEN afKFIE=MIN « KA T-PRBULIEET ~ S h = % SARIS (1758 - ($2
D IEVUE AR SO BN AV B HA J&E@— °)

Solution:
(ai) By using Gauss’ Law of gravitation, we can easily get
_ 2G4
g = d |
(aii) Note that the G force caused by the rods are given by F,, = e dn, where d is the position vector of the rod from the test

charge.

Therefore, we can interpret each d,, as a complex number, where we know it will be a root of the equation (z + d)?026 — 12926 =
0.

Denote the complex conjugate of d,, as d;, note that d,, = d3,6_ n] for n# 0,and forn =0, dy = dj.

mi
2 has the argument same as d,, and absolute value 2™ -

|n|

Notice how < = , Which is a perfect complex analogy for the gravitational

force caused by a rod at d,,. Therefore, we have
2025 2026 2025

Z i _ Z 1 _ i — d0d1 d2023 + A + d1d2 d2024 (1)
- dy = d2026-n dy dody ... d2024
By considering the coefficients of the polynomial equation, we get
= 1  2026x20%5
Z d, = 72026 _ 52026 ()
Therefore, the total force is
2025 2025
4052GmAx20%>
F= Z F, = 2GmA Z o =% 3)

The force only has component parallel to the x ax1s by symmetry, so a positive value here indicates a force towards the positive x
direction.



(Detailed solution) By the Gauss’ law, the gravitational force on the test mass is

= 2GmAa d, d,
Fn = - dn dn = —-2GmA ﬁx +E
where Jn is the position vector of the rod from the point mass and d,, is the unit vector.
i = ( 2nm ) N nm
n To COSoooe = Xo | & rosmzozsy
Define the complex number d,,:
F) ( 2nm ) N 2nm
n rocoszo25 erSanOZS
d, dy
> FE =-26mAd —= PPk = =-2miA—= d2
F—ZGld+d—ZGll —26/11
h=2m | tig) = M —id, M

The net complex force can be written as

- 1
Fnet = _ZGm/‘{ Z E

Notice that {d,,} are the complex roots of the 2026™ order polynomial:
(Z + d)2026 2026 (Z - do)(z - 1) . (Z - &2025) - O

= (=do)(=dy) =+ (=dnoz5) = x3°%6 — 122
d; .

3 _ 2026 2026
=d, d2025 Xo —To

The coefficient of the linear term z:
2026x02025 - —(620(11 ...d~2024 + + d~1d~2 d~2025)

2025 e - - -
z i _ d0d1 d2024 + A + dle d2025 (1)
By considering the coefficients of the polynomial equation, we get
2025 S 2025
2 2026x§ B 1 @)
& d, 7,.02026 x2026 4 dx

Therefore, the total force (on the x direction by symmetry) is
2025 2025

= L . o 1 40526mAx3°%®
F:Re(F)x+Im(F)y: ZFnX:XZGmAZd——WX (3)
n=0 n=o0 " 0 0
vy s 40526mAx2°?5 . . . . . .
(aiii) Since F =~ o = 0 for x > 0 (positive displacement), the force always points towards the positive x direction for a
0

displacement towards the positive x direction, so there is no oscillation possible.

(bi) It is easy to tell that the force is independent of h and always g = 2nGo by Gauss’ law.
(bii) We can use integration to solve it, decompose the circular plate into rings.

For a thin ring of thickness dr and radius r, by symmetry, we know the gravitational field is pointing in vertical direction, so
2Gmhrdr

dg = S
R%2(h? +1r?)2
Doing integration from r = 0 to r = R gives
R 2Gmhr 26m (' xdx (2-+2)6m
g= §dr = RZ 3 = R?

0 R2(h? +1r?)2 0 (1+x2)2

. . . 3 : . .
(biii) Consider putting a test mass of mass M at a distance h = % above the centroid of the plate. By symmetry, we can just consider



vertical force. The magnitude of upward gravitational force on the plate by the test mass is
F=|gy®@ - fidm
A
Where g, is the gravitational field by the point mass at some location on the plate, .

Observe that dm = %dA and [ L 9u(7) - AdA is just the gravitational flux through the plate. By the symmetry of the tetrahedron,
we have

1
() - RdA = 7 (4nGM) = nGM

nGMm

Therefore, the total gravitational force is F =

By Newton’s third law, the gravitational force on the test mass by the plate has the exact same magnitude
Bl = mGMm

A
Therefore, the magnitude of gravitational field due to the plate at a distance h = % above the centroid of the plate is just
, F' mtm 4/3nGm
=M~ "2 T 3@




3. Transmission Line Modelling {£ 54515 5!

Consider a high-frequency signal propagating along a transmission line. The line is modeled as a series of infinitesimal segments
of length Ax (See Fig 3-1). Let L and R be the series inductance and resistance per unit length, and G and C be the shunt
conductance and capacitance per unit length, respectively. Assume L, R, G, and C are frequency-independent constants.

ZREMNESEERRLEPHERE - HMHEREERNKERN Ax WEHF/NEWES (WE 3-1) - 2 L M R 23RS
KERSIKBRAMEBE - ¢ M C DRNBUKENHKESMES © RIR LR, G, CHEHRNSMERLTRNEL -

&tk
Transmission line
i(x,t) RAx i(x + Ax, t) oo e
T-%—III—-’"OTO“ /—T i(x, 0)
”(xi) Ax  v(x+ Ax,t) Load
Ax “L : i

x I= 0 x I: l

Fig 3-1 Fig 3-2

(ai) [4] By applying Kirchhoft’s laws to the infinitesimal circuit model as shown in Fig. 3-1, derive the two coupled partial
differential equations relating current i(x, t) and voltage v(x, t) as Ax = 0.

(ai) [4] XIE] 3-1 HEBESARBIN FHEURERER - #HSHE Ax - 0 B - BHBR i(x, t) SBE v(x, t) REANA MRS
Mo -

(aii) [1] For a sinusoidal signal of angular frequency w, define i(x, t) = Re(I(x)e/®*) and v(x, t) = Re(V (x)e/*?), the equations
reduce to:
d?I(x) 5 d?V (x)
2 =), 2
dx dx

=7V ()
Find the complex propagation constant y2 in terms of L, R, G, C, and w. Here j = v/—1 is the imaginary number and Re(z) is the
real part of a complex number z.
(aii) [1] T BIMERN 0 WIEZES - 1% i(x, t) = Re(I(x)e/?) H v(x, t) = Re(V(x)e/®t) - FEEEENRN :

d?1(x) o, d?V(x)

dxz ! ), dx?

SREGEEH Y2 RT LR G CHoWEXR - XBj=V-1Z2EH ' Re(2) TREH 2z HISEE
(aiii) [1] The general solutions are I(x) = Ife™"* + Ige?* and V (x) = Ve "* + V; e?*. Define the characteristic impedance

vt _
ZO =[Z
IO

=y*V(x)

1 . Determine Z;, in terms of L, R, G, C, and w.
0

(aiii) [1] EXVBRERN 1(x) = ITe™"* + I;e"* R V(x) = Vi e 7™ + Vg eV o T

I - FAL,R,G,C 1l w T"IX

(aiv) [2] Find the condition relating L, R, G and C that allows a signal to propagate without distortion. Determine the phase
velocity v, in this case.

(aiv) [2] 3K LR, G, C REMMR RN - ESUSLILREERE ? FREZBEN THREE v,

(bi) [1] In Fig. 3-2, a transmission line is terminated by a load 1mpedance Z;. When an incident signal V- travels along the line, a

Yol . sk 7, MOZRIK
0

portion is reflected as V.. Derive the voltage reflection coefficient, I' = = , in terms of Z; and the characteristic impedance Zj,.

(bi) [1] TNE 3-2 PR - RIS KIREBAZMER Z, - SARES V, 6ERAEREN  BoESHRRS - BRREK
Vo WESEERFRHT = % RERZAT ( FH Z, FIRMHER Z, "R ) -
(bii) [1] State the required condition for the incident voltage signal V; to undergo a  phase change upon reflection.

(bii) [1] EEFEASHBERES v, ERHFIVE n (OBEME(E - AR 2, BREFT ARG ?



Solution
(ai) Applying Kirchhoff’s voltage law,

di(x,t
v(x,t) — RAx i(x,t) — LAx (x.8) —v(x+Ax,t) =0

Jat
ai

W _ pirlL
> —— = N
ax T Bt

By the current law,
ov(x + Ax, t)

i(x,t) — G Axv(x + Ax,t) — C Ax R

—i(x+Ax,t)=0

ai G+ C ov
> —— = -
ox VT e
(aii)

d—z =R +jowl) (1)
——gi-(G-+ij)V. 2)

dx —
2

d*v
— . . — 2
= el (R +jwLl)(G + jwC)V = y*V
where

¥2 =R+ jwL)(G + jwC)

(aiii)
I(x) = Ife "™ — Iger™, V(x) =Vie ™ +Vyer™
Sub. Into Eqtn (1) and (2),
y(ge M +I5e") = (G + jwC)(Vy e ™" + VyeY)

For the equation to be satisfied for all x, we have
Ve Vg R+ jwlL
Iy Iy G+joC G+ joC

(aiv) For a sinusoidal signal, the voltage has the form
v(x,t) = V(x)e/®t = (V5 e~ (@HPx 4 yyelatiPIx)eiot

Similarly,

The phase velocity is given by

)
v, =—
B
1 1 i(6:+6;)
y = (R? + w?L?)3(G? + w?C?)2e” 2
1 1 6, +6
= = (R? + w?1?)2(G? + w?C?)2 sin(12—2)
wL w
tan91:7, tan 6, =<
If
R_G_,
L C

=y =R +jwL)(G + joC) = VLC (§+jw (%+ja)) =VLC(k + jw)




R_G. . . .. . . .
Remark: T=gls the distortionless condition, even though the signal gets weaker (attenuation), the shape of the pulse remains

intact because every frequency component travels at the same speed and dies out at the same rate. This was the key to making
long-distance telegraphy and telephony possible.

(bi) Reflection Coefficient
The boundary condition at the load requires v(l,t) = i(l,t)Z;. Since V(1) = Ve "' + Ve and I(l) = ITe "' — ["e¥! =
vteYl_y—evl

Zo

Z
Vie "t + Vel = Z—L(V+e_7’l —V-erH
0
Vet 7, -7,

=>1I, = =
L™ y+ert ™ 7,4+ 2,

(bii) To gain a w phase, ' = —1,= [} <Ij.




4. The Thermodynamic Helmholtz Resonator 3 J1¥F Z B E ZZ H k=3

(a) [1] Determine the fundamental frequency of a sound wave resonating in a cylindrical pipe of length H that is closed at one
end and open at the other, as shown in Fig. 4-1. Given that the speed of sound is v = 343 m/s and H = 30 cm, calculate the
fundamental frequency f.

(@[ BEE—TMKENH - —mEMS—mAONEEEED (WE 4-1 iR ) FERREIRWEN - BB R v =
343m/s - B H=30cm - HEZEMf -

(b) However, the result from part (a) deviates significantly from actual
measurements. Therefore, a more accurate model is required. We model the —
bottle as a Helmholtz resonator (see Fig. 4-2). A Helmholtz resonator ' m
consists of a cavity of volume V connected to the open atmosphere (pressure L ’ﬂ -1:

P,) by a cylindrical neck of length L and radius r. The air in the neck acts as
a piston of mass m, causing adiabatic compression and expansion of the air

inside the cavity. The adiabatic speed of sound is given by v = ’%, where

M is the molar mass of air, y is the adiabatic index, R is the ideal gas H H %4
constant, and T is the temperature.Starting from the adiabatic condition for
the air in the cavity, we can show that for small volume changes AV, the
pressure change AP is related to the displacement x of the air plug by AP =
—kx. Hence, the equation of motion for the air in the neck can be derived
and we can show that the air column will oscillate. Assume the mass of the 2R 2R
air in the neck is m = pymr2L, where p, is the equilibrium air density.

(b) 78T > (a) BB GRS FRISEPRNEERERA © Eit > Bf1F
B ESAHIRESE R 7R » B AN — T BELHRIRES (Helmholtz resonator » JLE 4-2) -
ZBEBHIRSZHAER Y vV NZEREBIRA L FE N r BEAREHESKS (X382 P) BEMM - BRESZHER
EAEMRERK > MIEARZESNIAEREN m BEE - BRFEH v = \/VT% o Hp M RZESERRE » y RER
B R AEBSEELR > T NRE - MERAZSRERRMEA » FHERN THMRIRIRZEE AV > BERERZE(L AP
S5HMERNZESHERINR x HEXR AP = —kx - Hllb > AIESIHERNZE[NIEHNHTE > MILIERIIERNZESFER
2B  IWERNZESREN m = ponr?L » BHR py RESHFEEE

(bi) [5] Find the frequency f of the oscillating air. Express the answer in terms of Py, po, 7, L,V and y.

(bi) [5] SRIRENZE SIS f ° 18 Py, po, 7, L,V M y KRFRIAIRIIEE o

(bii) [1] In reality, the length L is replaced by the effective length Log = L + 1.7r, accounting for the air mass outside the neck
that also oscillates. Calculate the fundamental frequency produced by the bottle with the following parameters: H = 23 cm,R =
3.5cm, L=7cm,r =1cm.

(bii) [1] FEMZER » KE L SWARKE Lsr ~ L+ 1.7r FIEMR - AEEIRFIMNIREERERSNZESRE - itERER
AT SEH KB4 NEM : H=23ecm> R=35cm*L=7cm>r=1cm°

Fig 4-1 Fig 4-2

(¢) The water bottle is constructed from a material with a linear thermal expansion coefficient a. Suppose the resonator is
calibrated to a frequency f, at a reference temperature Ty. When the ambient temperature increases to T = Ty + AT (where

AT L Ty):

(ci) [2] Account for both the change in the speed of sound of the air and the thermal expansion of the bottle's dimensions. Derive
an expression for the new resonance frequency f in terms of f,, AT, Ty and .

(cii) [1] Determine the "critical" thermal expansion coefficient a, at which the frequency of the bottle remains constant regardless
of small temperature fluctuations. Express &, in terms of f,, AT, Ty.

(c) TIKIR L MR K R BN o IMRIGIR - RIRESERET, §  EIRSBHIREMER f, - BHRBEREASET =
To + AT (HEP AT < T, ) B :

(ci) 2] ST HIRIMNER f WA - Bfy, AT, Ty F a 3RIA -

(cii) [1] BBE— N IEF AWK ZE o, - BFEEREREM/IEDNN - M FIMERFRFAL - A £, AT, Ty "X a, °

Solution:

10



(a)

v_ v 286 H
= —_—= = = .
f=a=7>f z
(b) [4 marks]
dpP av
PVY=c=>InP+ylmV=c=>—+y—=0
P |74
Notice that dV = mr?x and the force on the air in the neck is F = AdP,
P 2r*P,
mi = nr?dP = —yanVOdV = —%x = —kx

The oscillating frequency is

W2 = k _ ym?rtp, _ ynr?p,
m  wriLp,V  LpyV

yP, mr?
S>w= ’— X ——
Po VL

And the fundamental frequency is

w 1 o yP, o r? v | nr? e
== — —_— X — > — ~
f 2n  2m po VL  2m |Vigss z

(c) [6 marks]

r2
“ —_—
fev ’VL

e

Since v < T,
(1420 (o) (142 (1 - aary = 1+ (3
o — | [——=) « —)(1- =
f To) \1+ aAT 2T, & 2T,
= (1+ (g —<)a7)
f= 2T, a fo
Ci
1
% = 21,

~End of Part 1 &-15¢ ~
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