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Please fill in your final answers to all problems on the answer sheet.
FEEER LHE FRINRRESR -
At the end of the competition, please submit the answer sheet only. Question papers and working sheets will not be collected.
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1. Rotating Cylinder HE3EEE (K

(a) [1] Alice shows Bob her new cylinder collection. One of them is a hollow cylinder. The cylinder has length L, radius r and
wall thickness § « r for both the bases and the curved surface. The mass density of the cylinder is p. Find the mass m of the
cylinder and the moment of inertia I of the cylinder about its axis.

(a) [1] Alice [3) Bob f&/R 1 #tBOFT R AUGE - P —PEZ0OERSE - ZERENKENL - F&E N r - EEMNER
EREIONS<r - BRFHNRERENRN p - KERTERIFE m LABERESEMANENRE] -

Fmax

o where F,,,, 1s the maximum tension

(b) [2] The cylinder is made of carbon nanotubes and has high tensile strength, ¢ =
force the cylinder can sustain without breaking and A is the cross-sectional area perpendicular to the direction the force is applied
(see Fig. 1-1). By considering an element of the cylinder when spinning (refer to the top view of the spinning cylinder in Fig 1-2),
estimate the maximum angular velocity w,, 4, at which the cylinder can spin before breaking. Express in terms of g, p and r.
Give a numerical value of w,,,q, for L = 1m, r = 10cm, § = 50um, ¢ = 20GPa, p = 1.3g/cm?3. Ignore deformation. You may
assume the sides break before the bases do.
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In what follows, we shall assume w << Wy, qy-

(c) [2] In Fig 1-3, Alice uses a motor positioned at a height h above the ground to set the cylinder spinning with an initial angular
velocity wg. In a prank, Bob uses his "psychic powers" to release the cylinder from the motor without altering its angular velocity.
The cylinder, starting with a negligible initial translational velocity, falls toward the ground, which has a coefficient of friction p.
Ignoring air resistance, assume that collisions with the ground are perfectly elastic in the y-direction and that the collision duration
t. is negligible (gt? « h), where g represents the acceleration due to gravity. Sketch a qualitative graph representing the
trajectory of the cylinder's center of mass.
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(d) The cylinder hits the ground at O att = 0.

(di) [2] Find the velocity (v, v,) and the angular velocity w of the cylinder right after the 1* collision.

(dii) [3] Find the position of the ball x(t) and y(t), as well as the angular velocity w(t). Express your answers in terms of the
number of collisions with the ground N (We take N = 1 at t = 0), the time elapsed since the last collision At, h, g, r, and the

ratio K = mTTZ You can use the floor function | x| which denotes the integer part of x (e.g. || = 3, |e] = 2).

(d) BHAE ¢ = 0 WEPHERS 0 -

(di) [2] RE—RIERFRBEEFNRE (v, v, IBEE o -

(dii) [3] KEHAFRIUE x(OF y(t) - Wi% r‘ w(t) - ASEAERREN (MW =01 N =1) - B LRIlE
PIRETRINB At ~h~ g ~ v IREEER K = ™ SRIEIAREOSE - RETUE R T IR ( floor function ) |x | - EFER/R
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2. [10] Rods and Planes &5

(a) Gravitational Field Generated by Rods FH4UZE™4 05 [ 115

(ai) [1] Find the magnitude of gravitational field at a distance d from an infinitely long thin rod with mass per unit length A.

(aii) [3] Consider 2026 inﬁnitely long thin rods oriented along the z axis, each with mass per unit length A. The 2026 rods are on
positions (X, y,,) = (ro cos o2a 10 sin 22:—:6), where 0 < n < 2025. Find the net force on a point mass with mass m located at

(d,0). (Hint: You can con51der the complex roots of the polynomial: (z + d)?°2¢ — 2026 = 0
0

(aiii) [1] Suppose the small point mass is constrained to only move along the x axis, determine if it will oscillate around the origin.
(Just answer yes or no)

(ai) [1] >REEE—AREFTES L A Ay HEIR AR d AR5 18758 -
(aii) [3] #FE 2026 *E/ z EﬁﬁFﬁUE’JﬂﬁBEJ&QE% FRAEAN T ERELE D 1 » 56 n IRV H LAV ES

(s Yn) = (70 COS 2 1y sin 22 ) < SRS m I AAE (d, 0) sHETESNT -
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(b) Gravitational Field Generated by a Plate. FHEA =45 [ 1%
(bi) [1] Consider an infinite horizontal plane with mass per unit area ¢, find the magnitude of gravitational field a distance h above
the plate.
(bii) [2] Consider a flat and horizontal circular plate with radius R and total mass m. Find the magnitude of gravitational field due
to the plate at a distance h = R above the center of the plate if the plate has uniform density.
(Hint: f ——=1- —)
(1+x2)2
(biii) [2] Consider a horizontal, equilateral triangular plate of mass m, and side length a. Find the magnitude of gravitational field

due to the plate at a distance h = % above the centroid of the plate if the plate has uniform density. (Hint: The distance from the

center of a regular tetrahedron to any of its face is g of the side length of each face.)
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3. Transmission Line Modelling £ #4515 EY

Consider a high-frequency signal propagating along a transmission line. The line is modeled as a series of infinitesimal segments
of length Ax (See Fig 3-1). Let L and R be the series inductance and resistance per unit length, and G and C be the shunt
conductance and capacitance per unit length, respectively. Assume L, R, G, and C are frequency-independent constants.

ZESMNESEEMEPNERE - RIPHERLERERNKEN Ax WEF/NERES (WE 3-1) - 2 L M R DAIRNEQ
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(ai) [4] By applying Kirchhoff’s laws to the infinitesimal circuit model as shown in Fig. 3-1, derive the two coupled partial
differential equations relating current i(x, t) and voltage v(x, t) as Ax — 0.
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Fig 3-1 Fig 3-2

(aii) [1] For a sinusoidal signal of angular frequency w, define i(x,t) = Re(I(x)e/®?) and v(x, t) = Re(V (x)e/®!), the equations
reduce to:

d?1 d*v
2Dy, TP = yve

Find the complex propagation constant ¥ in terms of L, R, G, C, and w. Here j = v/—1 is the imaginary number and Re(z) is the
real part of a complex number z.
(aii) [1] W TFAIMERN 0 WIEZES - ®i(x,t) = Re(I(x)e/®t) H v(x, t) = Re(V(x)e/*t) - FEETEEA :
d?1(x) ) d?Vv(x) 5
dxz =Y I(x)’ dxz =Y V(x)
KEGRBEH 2 RT LR G CHMoNREN - XB j=V-1ZEH  Re@)FTREH z HULE
(aiii) [1] The general solutions are I(x) = I§e ™ "* + Iye?* and V(x) = V; e™"* + V4 e?*. Define the characteristic impedance
+ Z
Zy = |2 =
IO

(aiii) [1] BFIBBERN I(x) = Ife " + Iye?* MV (x) = Vge " + Vyer* « &Nt

= - FAL,R,G,C Ml w T

(aiv) [2] Find the condition relating L, R, G and C that allows a signal to propagate without distortion. Determine the phase
velocity v, in this case.

(aiv) [2] BR=E LR, G, C REAMPREZN - ESUSSILREERE ? FRE BN FHEE v, -

(bi) [1] In Fig. 3-2, a transmission line is terminated by a load impedance Z;. When an incident signal V; travels along the line, a

1 . Determine Z, in terms of L, R, G, C, and w.
0

D\ -5k z, R
0

portion is reflected as V.. Derive the voltage reflection coefficient, I' = Ve T in terms of Z; and the characteristic impedance Z,,.
(bi) [1] 1A 3-2 7R - B LRIREBNEEN Z, - SASES V, BERLEREN - B ESHRRE - ARSI
Vo MIESBERFZET = Z— MERET (B Z, MR Z, ) -

(bii) [1] State the required condition for the incident voltage signal V; to undergo a  phase change upon reflection.

(bii) [1] EEFEAHBERES vV, ERENE r (OBNUE(E - AHBER Z, TREFAKE?



4. The Thermodynamic Helmholtz Resonator 3 1 F Z I E ZZ HR=3

(a) [1] Determine the fundamental frequency of a sound wave resonating in a cylindrical pipe of length H that is closed at one
end and open at the other, as shown in Fig. 4-1. Given that the speed of sound is v = 343 m/s and H = 30 c¢m, calculate the
fundamental frequency f.

(@ [IBEE—TMKENH - —FEHWNS—KAONERTEESD (WE 4-1 R ) FERRERNWEN - BHEE v =
343m/s - B H =30cm - WWEZEIMf -

(b) However, the result from part (a) deviates significantly from actual
measurements. Therefore, a more accurate model is required. We model the —
bottle as a Helmholtz resonator (see Fig. 4-2). A Helmholtz resonator i —m
consists of a cavity of volume V connected to the open atmosphere (pressure L ’u -

Py) by a cylindrical neck of length L and radius r. The air in the neck acts as
a piston of mass m, causing adiabatic compression and expansion of the air

inside the cavity. The adiabatic speed of sound is given by v = %, where

M is the molar mass of air, y is the adiabatic index, R is the ideal gas H H %4
constant, and T is the temperature.Starting from the adiabatic condition for
the air in the cavity, we can show that for small volume changes AV, the
pressure change AP is related to the displacement x of the air plug by AP =
—kx. Hence, the equation of motion for the air in the neck can be derived
and we can show that the air column will oscillate. Assume the mass of the 2R 2R
air in the neck is m = pymr?L, where p, is the equilibrium air density.

(b) 74T > (a) BB GRS FRISEFRNEERERAK © Et - Bf1F
B EIEHARESIEE F =B - B RN — T ZIBELIIRSS (Helmholtz resonator » HLE 4-2) -
ZIBERHIRSBHER N vV NZEBEIRRN L~ FEN r NEREHESKS (E38 P) HEM - BRZESZHER
EZEMERK > MEMERNZESMARERER m BEE - BREEB v = \/Tg @i Hf M AESERRE > y REHR
B8 R AEBREEL > T HIRE - MERZESHERZMGLE » FHERNTHMRIRIRZE(L AV > BEREIRZE(L AP
SHMEAZESENNRE x HEXR 1 AP = —kx - HIlb > AJHESIMERNZTNEHHTE - WIERANERNNZE SR ER
HEH)) o IRIMENZESREN m = ponr®L » HF py RESHFERE -

(bi) [5] Find the frequency f of the oscillating air. Express the answer in terms of Py, po, 7, L,V and y.

(bi) [5] RIRBHZESHISAEK f B Py, po, 7, L,V M y ERIAIRIER

(bii) [1] In reality, the length L is replaced by the effective length L. = L + 1.7r, accounting for the air mass outside the neck
that also oscillates. Calculate the fundamental frequency produced by the bottle with the following parameters: H = 23 cm,R =
3.5cm, L=7cm,r =1 cm.

(bii) [1]1 TEINER - KE L SWARKE Lesr ~ L+ 1.7r FREMK - UEEEIMNIEIFE R EIRSINZESRE - TEER
AT SH/KAEFRF=4EESN : H=23cm > R=35cm>L=7cm>r=1cm®°

Fig 4-1 Fig 4-2

(c) The water bottle is constructed from a material with a linear thermal expansion coefficient az. Suppose the resonator is
calibrated to a frequency f; at a reference temperature Ty. When the ambient temperature increases to T = Ty + AT (where

AT L Ty):

(ci) [2] Account for both the change in the speed of sound of the air and the thermal expansion of the bottle's dimensions. Derive
an expression for the new resonance frequency f in terms of f,, AT, Ty and a.

(cii) [1] Determine the "critical" thermal expansion coefficient a, at which the frequency of the bottle remains constant regardless
of small temperature fluctuations. Express &, in terms of f,, AT, T,.

(c) AR ERIAR 20N o HOPRHIR - BIRESERET, T - HRBIORERER f, - YHBREABET =
To+ AT (HP AT KT, ) Y :

(ci) 2] ESHHIRINEK f WORET - Bf,, AT, T, M a T

(cii) [1] E—D IS REK R o, - BEEEREREMNKN - MFRRRFRITAL « B f, AT, Ty "KL a, °

~End of Part 1 #&-15¢ ~



