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You can detach the answer sheet from the last page of the question paper.

TR DU BB A 5 fo— T ok -

All final answers should be written in the answer sheet.

PITA 5 2 R SRR .

All detailed answers should be written in the answer book.

A VENE RE S BB .

There are 2 problems. Please answer each problem starting on a new page.

HH 28, 8% 18, JCRHAFT—HEK.

Please answer on each page using a single column. Do not use two columns on a single page.
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Please answer on only one page of each sheet. Do not use both pages of the same sheet.

R AR TAIES . A DAXUTTIES: .

Rough work can be written in the answer book. Please cross out the rough work after answering the questions. No working
sheets for rough work will be distributed.

R IS G b, B e AR LR B, As R K ERA.

If the answer book is not enough for your work, you can raise your hand. Extra answer books will be provided. Your name and
examination number should be written on all answer books.

Flh B EEAE T U TE, rAEREHES M A S .

At the end of the competition, please put the question paper and answer sheet inside the answer book. If you have extra

answer books, they should also be put inside the first answer book.
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Problem 1 §X 1 [30]:

In this problem we consider how current flows in conductors in direct current (DC) and alternating current (AC) settings.

An azimuthal symmetrical time independent current density J(r) > 0 flows through a long and straight cylindrical wire with

radius a along +z direction. We first consider a classical model of the current. In the lab frame, denoted as S, we imagine the

electrons flow in opposite direction of the current with a uniform non-relativistic drift velocity v « ¢ towards —z direction,

among the fixed uniformly distributed positive charges. We assume the number density of electrons in the wire could vary with

rand is denoted as n.(r) while the positive charges have a uniform number density, n,,. We also assume the wire is non-

magnetic.
FEARR S, FATRER Bt (DO FIAZ A (AC) M8 N AR s R EENLE] . B8 —IRHT +2z TR
KEBEMHERL, FEA a. FEPVRUTEAMNTNE B SR RITEOCH BIRE R J(r) > 0. FATEGHEHRIRRN—
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e (A9

BB LN I THCEE R AR v 24, 28 ne(r); MIE

RFLEXREEFLEPOZ MM BEEE (BHE) , SRHAEE evn, M a FRIUbIERHER
Ame  [EFEE] C FKm o/ ) BAEESERBES.  (BIHIEHES

Write down the current density J(r) in terms of electron charge e, n,(r),r and v. 1 Points
@ EmETEm e - n ) v BHEREE () HWIRKS - 14
(b) Consider a point P which is r < a distance away from the z axis and where J () is non-zero,
(b) FJE—MERE z MEEER r (K r<a) W P, MHAJ0) RIEE:
find the magnitude of the magnetic field, in terms of an integral involving e, v, n,(r), r and other
(bi) upixersal C(?nfjcants and indicate its directfion; o ) o 1 Points
K% AR N SR KN, RS e, v,n,(r),r FHEAYE R B EAER, HEHE 14>
JilA.
find the magnitude of the electric field, in terms of an integral involving e, v, Ny, N (r), r and other
universal constants and indicate its direction. 1 Points
(bii) | skizmm s mBEAN - HRAVE e,v,n,n,(),r REMEEEHOANTRET - FISHE | 14
J31E)
When the current flows steadily, find the electron density n, (r) for 0 < r < a for a given v, in terms of
n,, e, v,a and other universal constants. 4 Points
O | smgrasemant, WFARIGEE v, K 0<r<a WHEAKEBTREE n,(). SEAES | 45
e,v,n, M af Al EHHRIR.
Sketch net charge distribution along the radial direction outward for 0 < r < a. 1 Points
@ | 20 < r < o BERBEEEMSEEHHE - 14
Find the voltage difference between surface of the wire and the center of the wire, in terms of electron
charge e, n,, a, v and other universal constants. The ( surface / center ) has a higher voltage. 5 Points
(e) (circle the correct answer.) 2 43




Now let’s look at the current in a reference frame which moves as the same velocity as the electrons do, denote the reference
frame as S'. Therefore, in the S’ frame, the electrons are stationary and the positive charge and the wire is moving at v
towards +z direction.

DHE, ERAIE N BB TRERSINSHE RTUERR, HiZZHR1EN S'. Bk, £ 5" &4, BEFiE
(), MIEREASFEALLRE v [ +z Ja#E).

In the S’ frame, calculate the net force acting on the electron at P, in terms of electron charge e, n, and
(f) v.
ES' &2f - UEEREP REFENG)  ERMABFEME e, n, MvERR -

1 Points
19

There is a discrepancy between the motion of the electrons in S and S’ ! Should the electrons flow steady or should they subject
to non-zero net force at P? This discrepancy will become larger when v increases, too.

Suppose in the future we discover a new material in which the drift velocity can be comparable to the speed of light. Now we
need to consider the relativistic effect. Let’s hold on to the observation that when the current is flowing steadily, the wire is
overall neutral in the S frame.

AL FE S &M S RPEHIRSER TFE! BTE P AARRMIZERERSIN, ERNIZZHEES
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i

The number density of the positive charge in § frame and that in S” frame are denoted as n,, and n,,,
respectively. Find the relation between n,, and ny, in terms of v and c. 1 Points

© | igs 2pERHHUBEA, - S RPWERHEBER n,y - Kn, Sny ZANRE - Bv | 14
N

Explicitly show in the S’ frame, the net force on the electrons at P become zero with consideration of
(h) | relativistic effect.

ARRRIEAR : EEEMBEXCHNG - £ S' ZPERT P RBFHNEHERE -

2 Points
27

From this point forward, we will disregard relativistic effects.

MIBAERE » FoA TR ZBEA AR -

For conductors in reality, all of them have a very small drift velocity, thus, relativistic effect can actually be ignored. In addition,
the magnetic force on the electrons is also negligible. Therefore, in DC, we can assume the current density is uniform
throughout the cross-section of the conductor.

XFT IS ) Ak, RS AR, AR IR RN S bR b AT DLZBE AN T . sk, AR RAE R T BRI 2 RT
U, B, EEE (DO 1R, FATRT DB R A R AR AR A BRI A

In the following, we will consider a conductor of an infinitely large (along x and z) slab with width D as shown below. The z-
axis is in the middle of the slab. The conducting slab obeys Ohm’s Lawf = oE. with conductivity o = 3.77 x 107 Q" 'm™1.

The dielectric constant of the slab is K = 1. We can ignore the relativistic effect from here on.

TR, BATEEE—NE x Mz 7 R, BN D B iRcsE, it EPR. 2 B Fsim e, iz
UAEMERR I E R | = 0E, TR ¢=377%x107Q ™. SHROAEELN K =1. NXBEIFGE, BATL
BB AR RRN o
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View along x-axis
xR

JO, 1)
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To warm up, we consider a uniform current density with increasing magnitude as J(y,t) = j, + a t, where j, and a are

positive constants and j, > ?

TERIE, BATERH R D INER RS SRR E L J(,t) = jo +at, HA jo M a NI, H j,»

aey/o.

) Find the magnetic field due to the current as a function of y and t in the conductor 2 Points

O | ksmnmazsnrEwmumigE - 2ory o R - 24
Find the difference in the z-component of the electric field AE, = E, (y = g) —-E, (y = %) at any time,

) taking E > 0 as E points towards the +z direction. 2 Points

O | s mmm 2 5sfBRaRE AL, = ,(y = D/2) — E,(v = D/4) - MEEEM 42 5 ER | 29
E>0-

According to the Ohm'’s law, this yield a difference in the current density along y and this is referred to as skin effect that, for
time varying current, the current density concentrates at the surface of the conductor. This effect occurs commonly in AC power
transmission wire.

AR e, X PR E W y TR AEER, KHRITERBIKS (Skin effect): XTI AZHIG, H
T AR PR R T . XM AL S At i FL 2 AR W

Now we consider an alternating current (AC) with frequency f = 50Hz passing through the slab. The current density flows
along z-axis is J(y, t) = Re(j(y)ei‘"t).

IAEFAVEEINZE f = 50 Hz FZIREB (AC) BEZFR - 6z RSB RBERN J(y,t) = Re(j(y)e™?)

) Show that for the given parameters, the displacement current is much smaller than the free current. 1 Points
W | ErREaEsET - trismmm T SRR (£SEH) - 14
I Derive a differential equation for j(y) by ignoring the displacement current. 2 Points
O] mastsen - #5 j0) wrnse - 25
In the limit the slab is very thick D > \/1/ou,w and we are interested in the current near the bottom .
D o (D _ .{ D\ _ . 5 4 Points
(m) | edge (y + 5) &K +/1/ougw, solve for the current density j(y) for j (E) =] (— ;) =jo,=1Am™*. 4 4y
Express j(y) in terms of g, €, 1y, @, D and j,




EIMIEEERRIRER D » J1/ou,w - BIVENBAEESPDEM T (y + g) & f1/opew
HIERIR » SKER j(y) - REKHEARj(D/2) =j(=D/2) =jo=1A-m~2 - F g,€y, Uy, w,D H j, T
Jjy) °

Write down J(y, t) in terms of g, €y, iy, w, D and j, and sketch the current distribution J(y, 0) for —% <

y < 0for D = 10 cm and the given parameters. 2 Points
O BT, 0) - B om0 @D Fjo T (0, 6) - HUTF D = 10cm BARSH - SESEAY 2 4y

-D/2 <y < 0 SEREANERDT /(y,0) & -

Suppose the frequency of the AC is very high such that the displacement current is much larger than the free current.

RGO AR W e, DA TR BRI KT T AL

Show that a standing wave in j(y) will be formed in the slab along y and find the wavelength of the
(o) standing wave in terms of w. Express the wavelength in terms of w and other universal constants.

UERR j(y) BRI y BRI AIER - FFRHEIERAR K« o M HAR B & B R

3 Points
35

Problem 2 §& 2 [30]:

In strong-field physics, there is an intriguing phenomenon: an intense laser pulse can ionize air and excite an air plasma wave.
The ponderomotive force associated with the pulse will exert on free electrons (positive ions can be viewed as stationary), thereby
affecting propagation of the laser pulse itself. We consider a simplified one-dimensional model: a thin air plasma slab extends
along the x-direction, with electron number density labeled as n.(x,t). A linear-polarized laser with carrier frequency w is
incident in such a way that it first creates air plasma and then propagates in it along the z-direction. The electric field distribution
the laser field in the transverse direction (x-direction) can be approximated as a Gaussian profile:

E(x, t) = RE,e /% cos (wt),
where Ejis the peak amplitude of laser pulse and L is the characteristic width of the mode in the transverse direction in air. We
assume that the electrons are nonrelativistic, v «< ¢, and that electron-electron collision and electron-ion collision can be
neglected.
TER B P A — DN FOSE B ILR . sRBOCIK b 88 i 2 U B REE TR . J6likil i) Ponderomotive
Force(F 31 77) £ WUMERITE A/ 7 EQEE 5 T LLE LA SR ALY, P2 ASB 70 A, IR PR A 4 7 AR X2 25 5
P& — MR — 4R FEV 207 A0 AR B — R A A, BT LN ne(x, ). — ARSI w4
PRWOE LLE 277 N, ORIy 207 LA I S RS B AR R R I — SR BRI, %5 B AR AR R )

CeJ5 1) BRI AR T DA AL — i i 3 A

E(x, t) = RE, e~/ cos (wt),
b Eg Sy IR AR, L iz aQre 2 P s 1] 20 AR R 52 2 o AR i T B A T AR X ] v < ¢, FR R
W FilA88 R
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Consider an electron with charge —e and mass m,, initially at rest at the origin. In a rapidly oscillating
electric field E(x, t), the ponderomotive potential U, (x) is defined as the cycle-averaged kinetic energy 6 Points
(a) of the driven oscillatory motion of the electron. This definition is valid in the limit where the field 6 43
envelope in the propagation direction (z axis) varies much more slowly than the optical field. Write
down the equation of motion for the electron in the given field and use it to derive an explicit expression




for Uy, (x) in terms of x, Ey, L, and the relevant physical constants.

FIE o, HHMAAN —e BIEN m,, VIREEZSVIRMLEN N 0. T HOEIRY ) E(x, t)
Ty, s A REN1% U, (0) i TSR G R T i A shae, e AR
6] Cz J71a)) 43 A R L2 B N TF) AR Aze 18 T 2 A AR IR R BROZ. 15 i i e 4 € Hdg
Wigzh i, FFHHESE U, ()R T xv Egs L AR ) B AR

(b)

In the presence of the ponderomotive potential, the electrons will experience an effective force, the
ponderomotive force. Find the x-component F, . (x) of this force. Sketch qualitatively the spatial profile

of Uy (x). Explain your reasoning briefly in one or two sentences.

AR IBAAERE T, BTRERZBBIMNIA BN . 85 HAREIIE, (O)E x5 L
735 By (), FFUBIRX—H s 5. bl U, ()bl x (7047 th 2. JFH— 2P a) il
i 2L I B

6 Points
6 7

(c)

Assume that on the slow time scale far longer the period of the optical field, the electrons can be treated
as a hot fluid, to which an electron temperature T, can be assigned. And those electrons may strike a quasi-
static equilibrium due to the coexisting ponderomotive force and the thermal pressure along the x-
direction. Neglecting gravity and the motion of the ion. The electron pressure is expressed
De = NekpT,
On the slow time scale, the force balance condition reads
9pe.

™ + 1. (x) B (x) =0

Derive the differential equation relating n,(x) to Uy, (x), and solve for the equilibrium electron density
distribution n,(x). Derive the differential equation relating n,(x) to U, (x), and solve for the equilibrium
electron density distribution n,(x), using n, as the reference electron density as |x| — o
AR BCAE L% BN I (] RUBE b, FRL AT DAL IR BE AT, B, IREA SN I 58 x 7R E
JIRRREZ A B HER AV . Rg H e 1igzh. Kb e Is71h

Pe = nekpT,
ARSI TR] RUBE T ) 32 70V A

_Pe o () = 0
ax el fpx '

HEFH n.()5 U, )R IR, FFRAET- B T3 En, (x) . Z2REM x| > 0o I
SHEBTEL ny Foro

5 Points
54

(d)

Using the expression for U, (x) obtained in part (a), find the explicit form of n,(x) in terms of x, Ey, L,
T, and other necessary constants. Discuss how the width of the electron depletion region (i.e., the region
where n,is significantly reduced) scales with L and E.

A () PR Up(x), B n. () BAREWKT v Egv L. T, KWHEEH L. IFiTied
TAIRIX (R ng S35 PEAR A A0 10 58 SE AN T LA E

3 Points
35

(e)

In practice, as electrons redistribute, the local dielectric environment will vary as well. Such change will,
in turn, affect the spatial profile and propagation of the laser field. Assuming U, (x) < kgT,, and using the
electron density distribution n, (x)obtained in part (c), the corresponding local plasma frequency can be
derived as follows:

n,(x)e?

wp(x) =
EoMe
(i) please construction microscopic model to derive the spatial dependent dielectric function €, (x).
(i1) please determine is the laser beam will be self-converging or self-diverging when propagating inside
the plasma.
(iii) suppose the light-driven redistribution of electron density has negligible z-dependence, and given
the effective interaction length of the plasma is d. Please find the effective focal length f of this self-
focusing (self-defocusing) “device”.
FESCBRIGIL T, BEAE T ITR8, RSAN IR 2 B, AN St SR R M 't 37 1) 23 1] 73
e AU, (x) < kpT,, ARYE (c) PG RNHHE T LA ne(x), T3 2AH N 1 Jo 3855 & 114
ne(x)e?
wp(x) = —Zom
e
(1) E-SLWOWAEAL, JEHES B AR A L e, () MRE ORISR, B 51 e
H
O
(1) BOGRSKA B REGR B AT N, i e .
(i) BEERDEHA THIESTUREA 2 AF (A FERAET, HESFARPH
HAERIARKEN d, ERHIZERE (AR "SI HTSEREERE f 3k -

10 Points
10 &
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Name: 44

Problem 1

Number: %5 .

(PR 1) [30 53]

aflljr) =

(bi) [1] HE/E )N 5% % magnitude of the magnetic field

(bii) [1] EB1758 E magnitude of the electric field

(©) [4] ne(r) =

(d) 1]

Please sketch the graphs on the answer book.

THEZ M L2k -

(e) [2] HJEZ Voltage difference

( Surface / Center ) has a higher voltage. (circle the correct answer.)

C K / Hot D BABEAES. (EHIEHES

(f) [1] net force acting on electron at P

P REEF ERGN

(g) [1] relation between n,, and ny,:

n, Sn, ZEHRE

(h) [2]

Please write down the proof in the answer book 15 {F%

ZEM EE LR -

(i) [2] magnetic field /5L N 53R E

0) [2] AE; =

(k)

Please write down

A 2 BRI -

the proof in the

[1]

answer book

(1) [2] Differential equation of j(y): j(v) B 5 1E:

(m) [4] j(y) =

(n) [2]

Please sketch the graphs on the answer book.

THEZ M xR -

(0) [3] wavelength &1 =




Problem 2 (fRE 2) [30 43]

(a) [6] the equation of motion for the electron: (@) Up(x) =
M iz sl T iR
(b) [6] B, x(x) = (b)

Please sketch the spatial profile of U, (x) on the answer book.

VAR S 2 ) U, (O BE x 0 AT 2% -

(c) [5] differential equation relating n. (x) to U, (x):

e (X) 5 Up (x) Z 18] I 50 7 R

(©) ne x) =

(d) Bl ne(x) =

(d) the width of the electron depletion region:
HL 2 X 5

(i) [10] €-(x) =

(eii) circle the correct answer: P& H IEAfIE 5

converging or diverging
R LR AR

e(iii) f =




