Question 1

In this problem we consider how current flows in conductors in direct current (DC) and

alternating current (AC) settings.

An azimuthal symmetrical time independent current density J(r) > 0 flows through a
long and straight cylindrical wire with radius a along +z direction. We first consider a
classical model of the current. In the lab frame, denoted as S, we imagine the electrons
flow in opposite direction of the current with a uniform non-relativistic drift velocity

v KL ¢ towards —z direction, among the fixed uniformly distributed positive charges.
We assume the number density of electrons in the wire could vary with 7 and is
denoted as n.(r) while the positive charges have a uniform number density, n,. We

also assume the wire is non-magnetic. Note: n, and n, are not charge densities.

side view from the right

(@) [1 pt] Write down the current density J(r) in terms of electron charge e,

n.(r),r and v. Take +z as positive.

Solution:

J(r) =en.(r)v



(b) Consider a point P whichis r < a distance away from the z axis and where
J(r) is non-zero,
I [1 pt] find the magnitude of the magnetic field, in terms of an integral
involving e, v,n.(r),r and other universal constants and indicate its

direction;

Solution:Since the wire is cylindrically symmetrical, Ampere’s law gives:

$ B -dl = pof J(r)da
Uo for en,(rvr'dr’

:>B=B¢(T): "

Uo€V for ne(rr'dr’

B(r) = -

ii.  [1 pt] find the magnitude of the electric field, in terms of an integral
involving e, v,ny,, n.(r),r and other universal constants and indicate its

direction.

Solution: Consider a gaussian surface of a cylinder with radius r and length L in the

center of the wire. The total charge enclosed inside the surface is
r
Qenct = f e (np - Tle(T')) 2nr'dr'L
0

By symmetry the e-field is outward perpendicular to the z-axis. According to Gauss'’s

law:

B (fore (np — ne(r’)) Zm"dr’L) .
2nr L €g

fore (np - ne(r’)) r'dr'
= s
€T

(c) [4 pt] When the current flows steadily, find the electron density n,(r) for 0 <

r < a foragiven v, interms of ny,e,v,a and other universal constants.

Solution: When the current is steady, the net force acting on the electrons at P must be

zero.
Magnetic force on the electron

-

Fy=—eBxB = —evB(r)(—2 x §) = evB(r)(—+)
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To yield 2 dependence from the integral for n,(r')r'dr’,

n,.(r) must be a constantin 0 <r' <r.

Thus, ne(r) =n,

and from Eq. (1) we have

(2)

Eg. (2) show the density of the electron is higher than that of the positive charge near
the center of the wire. Since the total number of electron per unit length is the same as
that of the positive charge, the electrons only occupy a cylinder with radius R such

that:

ne mR* = n,ma®
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For r <R,n.(r) = n’;z
1__
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Fora=r>R, n,(r)=0

(d) [1 pt] Sketch net charge distribution along the radial direction outward for 0 <

r<a.

Solution: draw a step function like form of n.(r)

(e) [2 pt] Find the voltage difference between surface of the wire and the center of

the wire, in terms of electron charge e, n, , a and v. The ( surface / center)

has a higher voltage. (circle the correct answer.)

As the negative charges move to the center, the surface of the wire is

Surface

Solution:

positively charged and it has a higher potential. =
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Now let’s look at the current in a reference frame which moves as the same velocity as
the electrons do, denote the reference frame as S’. Therefore, in the S’ frame, the
electrons are stationary and the positive charge and the wire is moving at v towards

+z direction.



(f) [1pt]Inthe S’ frame, calculate the net force acting on the electron at P, in
terms of electron charge e, n, and v.

Solution: the force at P is only due to electric field on the electron in S’ frame only
as the electron is at rest.

FB:0

B —e?(n, —ne)r
Fret = e
0
e® n,r 2
260 C?
= 0—2 >0 (outward)
1=

CZ
There is a discrepancy between the motion of the electrons in S and S’ ! Should the
electrons flow steady or should they subject to non-zero net force at P? This

discrepancy will become larger when v increases, too.

Suppose in the future we discover a new material in which the drift velocity can be
comparable to the speed of light. Now we need to consider the relativistic effect. Let's
hold on to the observation that when the current is flowing steadily, the wire is overall
neutral in the S frame.

(9) [1 pt] The number density of the positive charge in S frame and that in S’
frame are denoted as n, and ny, respectively. Find the relation between n,

and n, intermsof v and c.

Solution: Due to length contraction, the density of the particle increases as

[
n, =Yy Ny, where

(h) [2 pt] Explicitly show in the S’ frame, the net force on the electrons at P

become zero with consideration of relativistic effect.



Solution:
E-field by the positive charges: (outward)
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E-field by the negative charges: (inward)
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Therefore, the electric field is zero. The electron is not moving in S’ so there is no
magnetic force acting on them. So the net force acting on the electrons at P is zero.

That is consistent with the picture in S frame.

Partial Credit:
For the electron:
(restinS') yn, = n, (moving in S)

Use the density of the electron in term of n, in part (c)

For conductors in reality, all of them have a very small drift velocity, thus, relativistic
effect can actually be ignored. In addition, the magnetic force on the electrons is also
negligible. Therefore, in DC, we can assume the current density is uniform throughout

the cross-section of the conductor.



In the following, we will consider a conductor of an infinitely large (along x and z) slab
with width D as shown below. The z-axis is in the middle of the slab. The conducting

slab obeys Ohm's Law J = ¢E. with conductivity o = 3.77 x 107 Q~1m™1. The dielectric

constant of the slab is K = 1. We can ignore the relativistic effect from here on.

A J@.t)
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To warm up, we consider a uniform current density with increasing magnitude as
J(y,t) = jo + at, where j,and a are positive constants and jo > %

(i) [2 pt] Find the magnetic field due to the current as a function of ¥y and t in the

conductor.

Solution: Consider a rectangular loop with dimension (y*w) on the x-y plane. According

to Ampere’s Law:



Ho€o
o

2Bw = uy(jo + at)2yw + a (2yw)
~ oo + at)2yw

B = —poGo + at)y 2

Partial credit:
Using Ampere’s Law to set up equation for B:
Ignoring displacement current: 0.5pt

Wrong direction: - 0.5 pt

() [2 pt] Find the difference in the z-component of the electric field AE, =
E, (y = g) —-E, (y = %) at any time, taking E > 0 as E points towards the

+z direction.

Solution: From Faraday’s Law, we have (along a rectangular loop on y-z plane)

D D o (7
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1pt




—> View along x-axis
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Partial Credit:
Use Faraday’s Law: 1 pt

Wrong sign: -0.5pt

According to the Ohm'’s law, this yield a difference in the current density along y and
this is referred to as skin effect that, for time varying current, the current density
concentrates at the surface of the conductor. This effect occurs commonly in AC power

transmission wire.

Now we consider an alternating current (AC) with frequency f = 50Hz passing through
the slab. The current density flows along z-axis is J(y,t) = Re(j(y)e'?).
(k) [1 pt] Show that for the given parameters, the displacement current is much
smaller than the free current.

() [2 pt] Derive a differential equation for j(y) by ignoring the displacement

current.

(m) [4 pt] In the limit the slab is very thick D > \/1/ougw and we are interested in

the current near the bottom edge (y + g) K +/1/ouew, solve for the current



density j(y) for j(%) =j (— %) = jo = 1 Am~2. Express j(y) in terms of
0, €9, Uo, w, D and jy
(n) [2 pt] Write down J(y,t) and sketch the current distribution J(y,0) for —g <

y <0 for D =10 cm and the given parameters.

Suppose the frequency of the AC is very high such that the displacement current is

much larger than the free current.

(0) [3 pt] Show that a standing wave of j(y) will be formed in the slab along y

and find the wavelength of the standing wave in terms of w.

Solution:
Let E = Re(E,e'“?)

(k)

Jr = 0E;,]p = €lwE,

o 3.77 x 107

= =1.36 x10'® » 1
€ow  8.85x 10712 % 21r(50)

() Apply Ampere's Law:

a . )
VX B = pof + to€o aE = o0 E,(y)e'®t + iwug€oE (et

~ uooE,(y)e
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V2E,(y) = iwpooE,(y)

2
a—yz]'(Y) = iwpeo j(y)



Partial Credit:
Use Ampere’s Law

Use Ohm's law: | = oE

Notice that V-E = 0 since E = E,(y)Z

wuoa

(m) Let k? = iwpgo and k = + (1+1i). Solution of the differential equation:
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For (y + 5) K /auow’ we have
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The function decays with a depth (Wz
0

wavelength 2m (wj

0

-) =0.07m
Sketch:

quick decay to zero

oscillation along

1y)
0.02

U) = 0.012 m. It also oscillates with a

/ f 0.02 0.04 0.06 0.08
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Solution of j(y) is
e @
j(y) = Ae"c” + Be™'c”

With the boundary condition j(g) =j (‘%)3
A=B
Thus,
J(y,t) = Re <A (ei(%’“"t) + e-l’(%%wt)))

= Acos (%y + wt) + Acos (%y — wt)

= 2A cos (%y) cos wt

It is a standing wave solution.

Wavelength =
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In strong-field physics, there is an intriguing phenomenon: an intense laser pulse can ionize air
and excite an air plasma wave. The ponderomotive force associated with the pulse will exert on
free electrons (positive ions can be viewed as stationary), thereby affecting propagation of the
laser pulse itself. We consider a simplified one-dimensional model: a thick air plasma slab
extends along the x-direction, with electron number density labeled as n,(x,t). A linear-
polarized laser with carrier frequency w is incident in such a way that it first creates air plasma
and then propagates in it along the z-direction. The electric field distribution the laser field in

the transverse direction (x-direction) can be approximated as a Gaussian profile:
E(x,t) = REe *"/* cos (wt),

where Ejis the peak amplitude of laser pulse and L is the characteristic width of the mode in
the transverse direction in air. We assume that the electrons are nonrelativistic, v < c, and that

electron-electron collision and electron-ion collision can be neglected.

(a) Consider an electron with charge —e, mass m, and zero initial velocity and position. In a
rapidly oscillating electric field E(x, t), the ponderomotive potential Up(x) is defined as the
cycle-averaged kinetic energy of the driven oscillatory motion of the electron. This definition
is valid in the limit where the field envelope in the propagation direction (z axis) varies much
more slowly than the optical field. Write down the equation of motion for the electron in the
given field, and use it to derive an explicit expression for Uy, (x) intermsof x, Ey, L, and the

relevant physical constants.

(b) In the presence of the ponderomotive potential, the electrons will experience an effective
force, the ponderomotive force. Find the x-component F,,(x) of this force and define its

direction. Sketch qualitatively the spatial profile of U, (x). Explain your reasoning briefly in



one or two sentences.

(c) Assume that on the slow time scale far longer the period of the optical field, the electrons
can be treated as a hot fluid, to which an electron temperature T, can be assigned. And those
electrons may strike a quasi-equilibrium due to the coexisting ponderomotive force and the
thermal pressure along the x-direction. Neglecting gravity and the motion of the ion. The

electron pressure is expressed
De = NekpTe.
On the slow time scale, the force balance condition reads

_Pe O F () =0
ax T e o

Derive the differential equation relating n.(x) to U,(x), and solve for the equilibrium

electron density distribution n,(x), using n, as the reference electron density as x — co.

(d) Using the expression for U,(x) obtained in part (a), find the explicit form of n.(x) in
terms of x, Ey, L, T, and other necessary constants. Discuss how the width of the electron

depletion region (i.e., the region where n, is significantly reduced) scales with L and E,.

(e) In practice, as electrons redistribute, the local dielectric environment will vary as well. Such
change will, in turn, affect the spatial profile and propagation of the laser field. Using the
electron density distribution n,(x)obtained in part (c), (i) please construction microscopic
model to derive the spatial dependent dielectric function; (ii) please determin is the laser beam
will be converging or divering when propagating inside the plasma.; (iii), suppose the light-
driven redistrubtion of electron density has negligible z-dependence. Please find the effective

focal length of this focusing (defucosing) “device”.
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