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Please fill in your final answers to all problems on the answer sheet.
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At the end of the competition, please submit the answer sheet only. Question papers and working sheets
will not be collected.
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1. [10 points]
A uniform thin rigid rod of mass m is supported by two rapidly rotating rollers, whose axes are separated
by a fixed distance a. The rod is initially placed at rest symmetrically as shown in Fig.1a.
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(a) [5 points] Assume that the rollers rotate in opposite directions as shown in Fig.1a. The coefficient of
kinetic friction between the rod and the rollers is p. Solve for the displacement x(t) of the center C of the
rod from roller 1 assuming x(0) = x, and x(0) = 0.
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(b) [5 points] Now consider the case in which the direction of rotation of the rollers are reversed, as shown
in Fig.1b. Find the displacement x(t), again assuming x(0) = x, and x(0) = 0.
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2. [10 points]
A cylindrical tank filled with liquid is placed on the side of the table. A small hole is opened on the wall
of the tank near the bottom. The liquid flows out horizontally through the small hole, and hits at point P

on the floor. The height of the table is H, the area of the hole is % (assume k > 1) of the area of the

bottom of the tank, and the initial height of the liquid in the tank is k. Find the velocity v at which the
drop point P moves along the floor and the time T required for all liquid to flow out of the tank.

HERIBCE R R Ads - FasBESRRE A/ ML - RIEL/NUKFRE - RIS
Hii ERYP RS o REEENH > FLAVEFRE A &8 E EAHEY % (% k> 1) » [FREBRES
ho ° K& RAPTHIE EIRVERR v TR RIA M B2 TR AT AR RIS R T

ho

3. [10 points]
A uniformly magnetized iron sphere of magnetic moment 7 = mZ and
radius R is suspended from the ceiling by an insulating thread. A total

charge Q > 0 is uniformly distributed throughout the iron sphere. We use
the Cartesian coordinate where the origin is located at the center of the Z
sphere, xy-plane is the horizontal plane and z-axis is pointing upward.
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The magnetic field at position r due to a magnetic dipole 7 at origin is
given by x
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(a) [3 points] The Poynting vector S (7) at point 7 is defined as
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where E and B are the electric and magnetic fields at point 7. Calculate the magnitude of the Poynting
vector S (7) both inside and outside of the iron sphere.

Hrft E f1 B A5 7 ARSI o TR SERN SRS E IR R S(F) fIAUN -

(b) [2 points] In fact, the system has a non-zero angular momentum due to the electromagnetic field. The
angular momentum L depends on the size of the sphere R, the charge Q and the magnetic dipole moment
m on the sphere, and the physical constant u,. We shall write L = KuSRPQ"m" where K is a
dimensionless constant. Find «, 8, ¥y and 1 using dimensional analysis.
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(¢) [3 points] To calculate the total angular momentum L of the system, it is given than the angular
momentum density [angular momentum of the EM field per unit volume] Z(?) of the electromagnetic field
at a point 7* is
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where c is the speed of light. Calculate the total angular momentum L of the system.
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(d) [2 points] Electrons are injected into the iron sphere along the z-axis. The total amount of the charge in
the sphere will reduce and the sphere will rotate. Find the angular speed of the sphere after the injection of
N electrons. Assume that the moment of inertia of the iron sphere is I and each electron has charge —e.
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4. Air Convection in Atmosphere XS N2 ZZS N

(a) [1 point] Consider a horizontal slab of air whose thickness (height) is dz. If this slab is at rest, the
pressure holding it up from below must balance both the pressure from above and the weight of the slab.

Use this fact to find an expression for Z—IZJ, the variation of pressure with altitude, in terms of the density p
of air.
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(b) [2 points] Assume that the air is an ideal gas with molar mass M and the temperature T of the
atmosphere is independent of height. Then the atmospheric pressure at height z is given by P(z) =
P(0)e~*#. Find A.
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In practice, the atmospheric temperature depends on height. If the temperature gradient |d—:| exceeds a

certain critical value, convection will occur: warm, low-density air will rise, while cool, high-density air
sinks. The decrease of pressure with altitude causes a rising air mass to expand adiabatically and thus to
cool. The condition for convection to occur is that the rising air mass must remain warmer than the
surrounding air despite this adiabatic cooling.
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(c) [2 points] Assume that the molar heat capacity of air at constant volume is ¢, = gR. We can show

that when air expands adiabatically, the temperature and pressure are related by the condition

dr T
ap P

Find the constant a.
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(d) [3 points] Assume that d—: is just at the critical value for convection to begin, so that the temperature
drop due to adiabatic expansion of the convecting air mass is the same as the temperature gradient of the

surrounding air. Find a formula for Z—Z in this case.
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(e) [2 points] Calculate numerically the critical temperature gradient in part (d). Express your answer in
K/km.
Data: The molar mass of the airis M = 0.029 kg,g = 9.8 m/s?,R = 8.31 J/mol/K, T = 300K.
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