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Please fill in your final answers to all problems on the answer sheet.
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1. [10 points] We consider an inhomogeneous cylinder whose have are mode of two materials of
different densities. The cylinder has radius r and length L and its cross section is shown in Fig. 1a. The
bottom half made of a material whose density is 1 kg/m3 while the upper half is mode of a material
whose density is ¢ kg/m3, where c is a parameter 0 < ¢ < 1. In the problem, we can use the fact that
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for a half-cylinder of radius r, the center of mass (CM) is located at a distance of ;—; from the axis of

DensityZ /&

the half-cylinder, as shown in Fig. 1b. 1 kg/m®
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(ai) [2] Compute the total mass M of the entire inhomogeneous cylinder, and the distance d between
the geometrical center and the center of mass of the entire cylinder. Express the answer is terms of
rL,c.

(aii) [2] Compute the moment of inertia I of the entire inhomogeneous cylinder with respect to its geometrical axis. Express the
answers in terms of r, L, c.

(b) [2] The geometrical axis of the cylinder is fixed in a horizontal position, but the cylinder is free to rotate without any friction
around the axis. If the cylinder oscillates around its stable equilibrium position with small amplitude, calculate the period of
oscillation of the cylinder. Express the answer in terms of M, I, r, d and the gravitational acceleration g.

Now we assume that the cylinder is completely free to move on a horizontal table under the gravity. We assume that the coefficient of
static friction between the cylinder and the table is infinite, such that the cylinder cannot slide. Suppose that at time t = 0, the
cylinder is in its equilibrium position with an initial angular velocity w,.

(ci) [2] If w, is sufficiently small, the cylinder will undergo a period motion around its stable equilibrium. What is the period of
oscillation if the amplitude of the oscillation is small? Express the answer in terms of M, I, 7, d, g.

(cii) [2] What is the minimum value of w, that allows the cylinder to roll forever in the same direction. Express the answer in terms of
M, I,r,d.
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2. [10 points] A closed container is divided into three compartments, A, B, and C, by two partitions, D, and D,, as shown in Figure 3.
Each compartment is filled with the same monoatomic ideal gas with pressure P, volume V, and absolute temperature T as shown in
the figure. The mass of partition D; is m, which can slide freely without friction, while partition D, is fixed and has a small valve on
it. Now, the valve on partition D, is opened, allowing the gases in compartments B and C to mix and the entire system to reach
equilibrium while maintaining a constant temperature T,.

(a) [3] What are the pressures and volumes of the gases in compartments A, B, and C after the entire system reaches equilibrium?

(b) [3] How much total heat is absorbed by the gases in compartments B and C during the process of the entire system reaching
equilibrium?

(c) [4] Calculate the change in entropy AS of the entire system during the process of reaching equilibrium.
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3. [10 points] Trapped Ball ! 2 ]

A ball (modelled as a point charge of magnitude g > 0) of mass m is trapped in a spherical cavity of radius R carved from an infinite
grounded conductor. The charge is at a distance z from the center. In the problem, the gravity can be ignored.

(a) [2] Sketch the electric field lines inside the spherical cavity.

(b) [4] Find the electric force F(z) acting on the ball in terms of g, z and R.

(c) [4] If the ball is released at the center with a very small speed, find the speed of the ball v when
it is at a distance R /2 from the center of the conductor. Express the answer in terms of g, m, R.
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4. [10 points] In this question, all answers cannot be expressed in terms of any trigonometrical functions.

An ice hemisphere with radius R and refractive index n lies on a warm flat table and melts slowly. The rate of heat transfer from
the table to the ice is proportional to the area of contact between them. It is known that the ice hemisphere completely melts in
time T,,. Throughout the process, a laser beam incident on the ice from above. The beam is vertically incident at a distance of R /2
from the axis of symmetry (see figure).

Assume that the temperature of the ice and the surrounding atmosphere are 0°C and R =0
remains constant during the melting process. The laser beam does not transfer energy to 2

the ice. The melting water immediately flows off the table, and the ice does not move
along the table.

(a) [4] What is the position of the point on the table, x, = x(t = 0), where the beam hit at
time t = 07 Express the answer in terms of n and R.

(b) [3] What is the height of the ice z(t) as a function of time t? Express the answer in
terms of R and Tj,.

(c) [3] What is the position of the point on the table, x(t), where the beam hit for t > 0?
Express the answer in terms of n, R, T, and t.
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