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All final answers should be written in the answer sheet.
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All detailed answers should be written in the answer book.
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There are 2 problems. Please answer each problem starting on a new page.

A 28, B% 18, JURHBT— 4.

Please answer on each page using a single column. Do not use two columns on a single page.
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Please answer on only one page of each sheet. Do not use both pages of the same sheet.
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Rough work can be written in the answer book. Please cross out the rough work after
answering the questions. No working sheets for rough work will be distributed.
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If the answer book is not enough for your work, you can raise your hand. Extra answer books
will be provided. Your name and examination number should be written on all answer books.
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At the end of the competition, please put the question paper and answer sheet inside the

answer book. If you have extra answer books, they should also be put inside the first answer
book.
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Problem 1: Oscillations of the Sun (22 points) XFHAIEY (22 &)

The sun is made of compressible gas. It can oscillate in a variety of ways. Investigating these
oscillations has provided rich information on the interior of the Sun. In this problem we study
two kinds of waves: pressure waves and gravity waves.
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Part A. Pressure Waves (15 points) E5&#¢ (15 %)

Most of us are familiar with sound waves propagating through Earth’s atmosphere, which is a
pressure wave. In the Sun, however, we need to consider the fact that gas density falls off
with height because of gravity. In this problem, we will use the following notations:
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M = average mass of particles f 33 i &

g = gravitational acceleration = 77 £

k= Boltzmann constant J% /] 2% = £

T = absolute temperature 2%} iz &

y = ratio of the constant-pressure specific heat to the constant-volume specific heat 7€ & FE#4

R

We model the Sun as an atmosphere whose density falls off with height because of gravity.
For a thin layer of the atmosphere between heights x and x + dx, the equilibrium pressure at
these locations are P(x) and P(x + dx) respectively. Assume that the gravitational
acceleration and the temperature are constant.
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Al Derive the differential equation for the atmospheric density p(x). 2 points
TRHE TR B p () I35 T 2 24

The scale height H of the atmosphere is the height through which the density 1 points
A2 | becomes a factor of e~ of the original density. Derive the expression of H. Il) N

KA R EEH 5 ORI e MR . SKRHIRIE

When a pressure wave propagates vertically in the atmosphere, the particles will experience
small vertical displacements. Let u(x, t) denote the vertical displacement of the gas particles
at time t whose undisturbed position is x.
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As shown in the Fig. 1, there is a change in thickness of the thin layer.
Express the change in thickness in terms containing the gradient du/dx.
(Remark: For u being a function of both x and t, du/0dx is called the partial
derivative of u with respect to x with t taken to be constant.)
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Fig. 1: The vertical displacements of a thin layer of gas particles caused by the propagation of a pressure wave.
Note the change in the thickness of the layer.
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In turn, the vertical displacements produce small fluctuations in density and
pressure, denoted as dp(x, t) and JP(x, t) respectively. Express the change in
op(x,t) and OP(x,t) in terms containing the gradient du/dx. Assume that

A4 | the heat transfer is negligible during the period of the pressure wave. 2 points
BEZ ok, T B AEE FE AR ORI/ N sl 0 3R N ep(x, t) AT 29
SP(x,t) o KSp(x, OFSP(x, )RR (LIBEEou/0xKR) « RIRAE
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Derive the differential equation of motion for u(x,t) . Simplify your .

AS | expressions using the speed of sound ¢, = /yP/p. 3 go;;nts
BAHEFu (e, O B3N e . L& e, = \JyP/pfiIRIIE R
Show that the solution of the equation of motion is equivalent to a pressure
wave traveling through a uniform medium when the wavelength is shorter .

A6 | than a length scale. Derive this length scale. 2 go;;nts
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Next we seek a sinusoidal wave with angular frequency . The energy density of the wave,

1 . . )
Epa)zuz, is expected to remain constant as the wave propagates upward with constant

velocity in the direction of decreasing density p(x). With this expectation in mind we let
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u(x, t) =
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A7 Derive the differential equation for f(x). 3 points
BT f ) I T RE . 35

When the frequency of the pressure wave is below a critical frequency o,
below the Sun’s surface, it becomes trapped inside the Sun. What is @,? 1 points

A8 | KRBT R B SRR TG PR o N, TR TN . | 14
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Part B. Gravity Waves (7 points) E ¥ (7 4)

In Part A we only included the restoring force due to the fluctuation in the pressure gradient
for pressure waves traveling in the vertical direction of the Sun’s atmosphere. However, for
gravity waves propagating in a horizontal direction of the Sun’s atmosphere, the buoyancy of
the gas may also give rise to a restoring force which can sustain oscillations.
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Fig. 2: Displacement of a pocket of gas from height x to height x + Ax.
2: — /NSRBI s x4+ Ax IS .

To understand this, we consider a small vertical displacement of a pocket of gas in an
environment of the same gas with both gradients in the temperature and pressure. As shown
in Fig. 2, this pocket of gas has the same temperature, pressure and density as the surrounding
gas. When its height is displaced by Ax, it enters an environment with temperature, pressure
and density given by T + AT, P + AP and p + Ap respectively.
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For the pocket of gas, the pressure inside the pocket responds rapidly to the environment so
that its pressure also changes by AP. On the other hand, the change in temperature and
density may be different. Suppose the temperature, pressure and density of the pocket of gas
in the new environment are T + 6T, P + AP and p + §p respectively. Assume that there is
insufficient time for heat conduction from the pocket of gas to the environment.
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Bl Express Ap and &p in terms of expressions containing AT and AP. 2 points
Kap FSpFIA L (FHATHAPERIR) 247
Suppose the temperature and pressure gradients of the surrounding gas are
dT /dx and dP /dx respectively. Derive the equation of motion of the pocket .

B2 | of gas. 2 points
AR Sl AR B A AN IS 5 56 52 73 93 9T fdx AdP fdx o 1AHEFIX 25
NEAARRIIZE BN T R
Determine the range of temperature gradient dT' /dx in which the pocket of
gas can exhibit oscillations. Express the bound(s) of the temperature gradient .

; 2 points

B3 | interms of T /H. 243
SR/ ASAART] H AR 5 I TR B B2 d T / doc3 Bl (BAT /H 2R 7R 1% 50 Bl (1) 5
PR) o
How does the gas in the Sun behave when the temperature gradient is outside .

- . 1 points

B4 | the range considered in B3? 14
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END of Problem 1
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Problem 2: Plasmon Resonance and SERS ZEEFI#A1 SERS

Surface-enhanced Raman spectroscopy (SERS) is one of the most prominent optical
phenomena in the last 40 years. SERS is based on plasmon resonance, referring to the
significant increase in electric field intensity near the small metal granules under certain
conditions. In order to determine these conditions, it is necessary to learn how to describe the
properties of metals placed in oscillating electromagnetic fields.

REEIRNEEE (SERS) il 40 FREELENDEFEINRL —.  SERS HIEERIESE
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Properties of a medium in an electric field are described as follows:
5:6605260E+ﬁ

where E and D are the electric field intensity and the electric displacement respectively, € is

the permittivity of the medium, P is the electric polarization (electric dipole moments per unit
volume), €, is the vacuum permittivity. The boundary conditions in the absence of free
charges are the continuity of electric field tangential to the boundary and the continuity of the
electric displacement normal to the boundary.
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In an oscillating electromagnetic field, the permittivity of a media (including metals) is
dependent on the electromagnetic field frequency, € = €(w).

ARG B, A (&R B mEEEIR T BINZE: € = e(w) -
Part A. Free Electron Gas (3 points) H HEF54& (3 4°)

Consider a metal occupying an infinite space. Positive ions form a crystal lattice. Free
electrons move inside the lattice. The number density of positive ions and electrons are the
same and equal to n.

FRR—HECRT P EE. EE TR, AR TERKNBE). L8 THE
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A uniform oscillating electric field EO sin(wt) is applied in the metal. Assume that the ions
are infinitely heavy and fixed. The effective mass and charge of an electron are denoted as m
and —e respectively. Within the simple framework of the free electron approximation one
can assume that the field acting on an electron is equivalent to EO sin(wt). All other forces
(including dissipative forces) are small and negligible.
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The electric field drives the collective motion of the electrons 7(t) along the
electric field direction. Derive the expressions of 7(t) and the polarization

Al | P (t) at the steady state. 2 goﬁi;lts
W37 3K 50 F TV L 5 AR IZ 7 (8) o Il SAERR E RS TP (8)
R R AL SR P () Rk K,

A2 Determine the metal permittivity €(w). 1 points
R K B e (). 14

Part B. Plasmon Resonance (16 points) &5 T3tz (16 4

In this part we consider a dielectric sphere of radius R and permittivity € in a uniform electric

field EO. Due to the polarization of the dielectric material, the electric field in the sphere and
its neighborhood is modified. The polarization of the dielectric sphere is due to mobile
charges being shifted in the uniform electric field. Here we model the dielectric effects by
two oppositely charged spheres with radius R and charge density +p being displaced along

EO by displacements +6 /2 respectively (see Fig. 1).
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Fig. 1: Dielectric spheres in the uniform electric field.
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The total electric field E i Inside the dielectric sphere is the superposition of
the external field EO and the electric fields due to the two charged spheres.

Derive an expression for E in 10 terms of EO and the polarization P due to the
B1 | two charged spheres.

A HLER P 3B 14 A HUIZE A2 FAM N L3 E g RIS HLER A 51 R 1) a3 1
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2 points
25

Due to the dielectric effects, surface charge is induced on the surface of the
dielectric sphere. Consider a point on the surface of the dielectric sphere
where the outward unit vector normal to the spherical surface is denoted as 7.

In the limit of 6 << R, derive an expression for the induced surface charge 2 points

B2 density o at this point in terms of the polarization P and 1. 245

HI T FARSE, A R R T b AR RS ) SR T A . 5 R R A Bk AR T
F—A~ s B SRR R RSN R ERR . FE5 << R Itk
PR, i G RS P 2 1 20 3 (L R K SRS PRIAZER)

Following B2, derive the relation between the normal components of the
electric fields Eout -l and Ein - 7 at the surface of the dielectric sphere. 1 point
R4l B2, RXHEF HIGHIEIA 7> B E,y, - ATIE,, - ATES T RLBRZ 1 8] 1) 5% 153

R

B3

Express the induced electric dipole moment (io of the dielectric sphere as a
B4 | function of EO.

SRA HLER BB H AR Ay (FE N E I R BT

3 points
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Let us analyze the behavior of a metal sphere in an oscillating electric field of angular

frequency w and amplitude EO. The radius of the sphere is R. When the wavelength and field
penetration depth are both much greater than the size of the sphere, one can consider the
metal sphere as a dielectric in a uniform electric field, except that one has to use €(w)
(analogous to the one expressed in the previous part) in place of the permittivity. Hence the

external electric field is E = EO cos wt, and the dipole moment is d= c?o cos wt.
IEBATV AL AR Aw IRIENE IR 3% T & RERIAT . BRIKIEAEZR.
2R L A7 2 0 TR P A2 R T BRI RUBERS T DLORE <8 JR 3R AR 1 50 s ) LA
i, BT AAUE He(w) CRELT AT Tk kit R B,
YIS RE = E, coswt, BN Ed = dy coswt .

Sketch qualitatively the electric field lines (inside, near and far from the ball)
B5 | in the system assuming €(w) = —3.

Bidte(w) = =3, EMEMZ RGP HRZLE RN FITAZHE) .
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When w = w,.s, resonance takes place and the internal electric intensity
|E;n| increases to infinity. Determine €,,, the value of €(w) when w = w,.s. | 1 points

Mo = wppsh, HARKRAEN H A BB IMEIL TS K. Reyesr B 15
€(W)TE W = Wyesf HIMH o
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Significant increase in the electric field amplitude with frequency equaling w,.., is called the

plasmon resonance. Assuming that there is no power dissipation, |Ein| approaches infinity.
Taking into account dissipation, the major loss of power comes from dipole radiation.

HEL A7 IR 1 5 A 5 10230 0, T TN, X AR N BB FIEIR . IR A IIRE, | Epn
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An oscillating dipole emits energy. Estimate the power I of this energy loss
using dimensional analysis. A dipole radiation intensity depends on the dipole

moment amplitude |(ZO , its oscillation frequency w,..s, speed of light ¢ and
B7 | vacuum permittivity €,.

PRI TR RS R . R AU R R ks 1 L | 3T
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In practice, |Ein| is finite due to power dissipation at the plasmon resonance
frequency w,..s. Suggest an approximate expression of the internal electric

field intensity |E in| using the condition that the power output is balanced by

the mean power pumped into the system by the external field during plasmon | 2 points
resonance. 2 4

Sbr b, BT TR T IO BRE, |l IR, R
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Part C. Raman Spectroscopy (7 points) R £ Y51 (7 43)

SERS is based on the phenomenon of Raman scattering, referring to the interaction of
electromagnetic waves with mechanical vibrations of molecules. First we consider a
molecule configuration. We assume that a molecule is made up of a number of atoms
connected by chemical bonds that behave like springs. Hereafter we consider a diatomic
molecule.

SERS HJF:Al /RSB IE, FaHE B S5 70 THRIRSI A BEAER . E 53R4T
FRE— N TR . AR —>7r 702 i 2 8 Ak 7 g 1 e e ok i R 7~ 4L e
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Consider two masses m, and m, connected by a spring of spring constant k.
Determine the frequency w, of small-amplitude system oscillations. 1 points
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SRR TR % 0, o




2

A polyatomic molecule is characterized by its spectrum of resonant frequencies. One can
identify the molecule with the knowledge of its spectrum. This is the basic idea of SERS.

Z R F 41 T AR & H LR SR ik . AATTA] PLIE N HAE 1A SR IR A T XS
SERS 134 L AE

Let us analyze the behavior of a molecule in an external electric field EO cos(wt). We assume
that atoms have no charge, i.e. the molecule has no dipole moment in the absence of the
external electric field. However, a molecule is polarized by the external electric field

BT — AN TFLEIMT IAE, cos(wt) FIIT . A B BB T34 Hufer,  BIERE
EER AN 7 L T N R B 1 % S /A O 14 & 7 R

d = e,ak, cos(wt)

where «a is the polarizability of the molecule. We assume that an induced dipole moment d is

parallel to the electric field E. Due to thermal agitation, mechanical oscillations of the
molecules always exist at finite temperatures, and we assume that the thermally agitated
angular frequency is wy.

Hrfa o Tt . BAMR BB d 5 BIHEFAT . BTG50, 4 TR
WAk AT AR T, IF HBAMEE BB IR w, .

During molecular oscillations, the distance between atoms in a molecule deviates from its
equilibrium value. Suppose the deviation x of the interatomic distance is given by x =
Xo cos(wyt). Furthermore, when the interatomic distance changes, the polarizability of the
atoms changes accordingly, i.e., @ = a(x) (see Fig. 2).

FEr ARG, 707 rh 7 T R R 0 i 28 P o AR 8 SR ) e 2 ) e 22 x
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Fig. 2: The dependence of the polarizability of atoms in a molecule on the deviation of the interatomic distance
during molecular oscillations.
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Assuming that the amplitude of mechanical oscillations is small, express
a(x) using linear approximation, given that «(0) = a, and Z—Z| = B,.

x=0
LR IR AR /DS, i Pla(0) = ay AN Z—Z
PR R .

1 points
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Determine the diatomic molecule dipole moment in the external field

C3 EO cos(wt). Provide the answer in the form: 2 points
SRIMAE, cos(wt) FIHIBUR T4 T, AR TIIERER: 24y
d = ¥, d; cos(w;t) €))

A detector logs the dipole radiation of the molecule and detects several peaks
with frequencies w;, corresponding to expression (1). The height of each peak

is equal to the radiation intensity of the dipole cil-. Determine frequency and
height of each peak. Express the answer in terms of 3 points

€0, X, Bo, Xo, W, Wy and EO . 3 43
Kol S50 720 T IO ARARAT, FERISIEA A iR 0, X T AR

(1) (AR o MR 0 5 B S T (B 1 PR SRS . SRA I
ISR R, Pheo, @o, o, Xo, @, wo M EgRIEH R,
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The presence of peaks with frequencies differing from w in the spectrum is called Raman
scattering. The stronger the external electric field the higher the signal detected from one
molecule. A strong electric field can be obtained using the phenomenon of plasmon
resonance. This is a difference between SERS and ordinary Raman spectroscopy.

Wl BAAF T o EERDLS, PV 88, SMBaizeg, A—D a5kl
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Part D. Surface-Enhanced Raman Spectroscopy (SERS) (7 points)
REHEENEEE (SERS) (743)

Consider a sphere of permittivity €(w) in the uniform oscillating electric field of amplitude
|EO| in the case of plasmon resonance.
IR E TR, ERSIRY a3 ARIEAN |E| )R dek, HABHEN

€(w)o

The molecule of the investigated material has to be placed into the points of
maximal electric intensity. Locate these points in the figure on the answer
D1 | sheet.

WAL BRI 7T U EAE R K IR BRI E . TS EZE AR 1] 25
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2 points

Determine the enhancement factor g(w) of the electric field at these points,
E)]
|Eol

where g(w) = max . Express the answer in terms of the metal

e r 1 points

D2 | permittivity €(w). 14
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Metal beads enhance the external electric field radiation of amplitude EO and dipole radiation
of the molecule as well. The second process is characterized by the enhancement factor
g'(w, wy). When w > w,, one can assume g’ ~ g. Then the signal intensity in SERS is g*
times greater than that in ordinary Raman spectroscopy.

G J BRI AR T A1 AL 37 B AR08 B Y T B AR S . A AN R DU SR I T
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Usually the signal comes from many molecules. Dipole radiations of the molecules are not
coherent to each other. Thus a total radiation intensity formed by N molecules is equal to N1,
where [, is the intensity of dipole radiation from a single molecule. An example of the
experimental data is presented in Fig. 3.
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3x10°-
X SERS
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250 500 750 1000 1250 1500 1750 2000

Raman Shift (cm’")
P2 (cm™?)
Fig. 3: [Credit: U.S. Naval Research Laboratory] Raman signal spectra. Red curve corresponds to SERS, blue to

ordinary Raman spectroscopy. X-axis corresponds to Raman shift k, = wy/c, and Y-axis corresponds to
radiation intensity in arbitrary units. Note the different number of molecules in these experiments.

3¢ CEEVE AL IER] f I B, Mg T SERS, U €l Zn BT M il B,
XHR BT R BRAS (ko = wo/c), T YA RETALRE R T MBS HRIE . TR AL eh 45 7RO B
R,

By analyzing the experimental data presented in Fig. 3, estimate enhancement
factor g due to the plasmon resonance at the peak of Raman shift w,/c =

D3 | 1000 cm™1. Assume that w, < w.

HWRL A B 3 s g SE A, WA AR 2 I Hw, /c = 25
1000 e~ Ak i 45 B IR SHERIG RN T g. HiKw, < w .

2 points

Based on the results of Part B, estimate the radius R of the metal beads used
in the experiment. Assume that the wavelength of the external radiation A =
D4 | 785 nm. N
HUR B MO SR, RS b A T 1 & R ERAO L RR. Skt | 2

[ KA = 785 nm.

2 points

END of Problem 2
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