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Please fill in your final answers to all problems on the answer sheet.

THEEPL HE E SRR EEE -

At the end of the competition, please submit the answer sheet only. Question papers and working sheets will not be collected.
EEFRAE AN - 1 A A Bl BRI - i H AR RS AR A = U E] -

1. [10 points] We consider an inhomogeneous cylinder whose have are mode of two materials of different densities. The
cylinder has radius r and length L and its cross section is shown in Fig. 1a. The bottom half made of a material whose density
is 1 kg/m3 while the upper half is mode of a material whose density is ¢ kg/m3, where c is a parameter 0 < ¢ < 1. In the
problem, we can use the fact that for a half-cylinder of radius r, the center of mass (CM) is located at a distance of :—; from the
axis of the half-cylinder, as shown in Fig. 1b.
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(ai) [2] Compute the total mass M of the entire inhomogeneous cylinder, and the distance d between the geometrical center
and the center of mass of the entire cylinder. Express the answer is terms of r, L, c.

(aii) [2] Compute the moment of inertia I of the entire inhomogeneous cylinder with respect to its geometrical axis. Express
the answers in terms of r, L, c.

(b) [2] The geometrical axis of the cylinder is fixed in a horizontal position, but the cylinder is free to rotate without any
friction around the axis. If the cylinder oscillates around its stable equilibrium position with small amplitude, calculate the
period of oscillation of the cylinder. Express the answer in terms of M, I, r, d and the gravitational acceleration g.

Now we assume that the cylinder is completely free to move on a horizontal table under the gravity. We assume that the
coefficient of static friction between the cylinder and the table is infinite, such that the cylinder cannot slide. Suppose that at
time t = 0, the cylinder is in its equilibrium position with an initial angular velocity wy.

(ci) [2] If wy is sufficiently small, the cylinder will undergo a period motion around its stable equilibrium. What is the period
of oscillation if the amplitude of the oscillation is small? Express the answer in terms of M, 1,7, d, g.

(cii) [2] What is the minimum value of w,, that allows the cylinder to roll forever in the same direction. Express the answer in
terms of M, I, r,d.
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Solution:
(ai)
nr2lL
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(aii) The moment of inertia of a cylinder of mass M and radius r is %M r?
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(b) Newton’s 2™ law gives,

=16
The torque w.r.t. the geometrical axis is
T=—Mgdsin6
16 = —Mgdsin @
Mgd
= — sin@
I
=>T= 2m _ 2 !
w7 Mgd

(ci) We consider the equation of motion w.r.t. the contact point on the ground,
T=1.,0
Where the torque is the same as in part b,
T=—-Mgdsinf =~ —Mgdf

The moment of inertia w.r.t. the contact is given by
Ieon = Iem + M(T - d)z
I =1, + Md?
S lon=1+M((r—d)?>—d?) =1+ M(r?-2rd)
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You can see that as d — 0, the period T — oo which is expected.

(Method 2):
The Lagrangian is

1 i 1 5
LZT—Uzzlcong —EMgdH
The EOM is given by,
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(cii) Since the cylinder can only roll without sliding, the total energy is conserved. In order to escape from the oscillation, the
cylinder must have enough kinetic energy to overcome the gravitational PE when its CM is directly above the geometrical axis.
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We can see that as d — 0, w, — 0. It implies that there is no stable equilibrium in this limit and the cylinder will move forever
given any infinitesimal initial push.

2. [10 points] A closed container is divided into three compartments, A, B, and C, by two partitions, D; and D,, as shown in
Figure 3. Each compartment is filled with the same monoatomic ideal gas with pressure P, volume V, and absolute temperature
T as shown in the figure. The mass of partition D; is m, which can slide freely without friction, while partition D, is fixed and
has a small valve on it. Now, the valve on partition D, is opened, allowing the gases in compartments B and C to mix and the
entire system to reach equilibrium while maintaining a constant temperature T,.

(a) [3] What are the pressures and volumes of the gases in compartments A, B, and C after the entire system reaches
equilibrium?

(b) [3] How much total heat is absorbed by the gases in compartments B and C during the process of the entire system reaching
equilibrium?

(c) [4] Calculate the change in entropy AS of the entire system during the process of reaching equilibrium.

— AR A R LD, M D, PRGN IIREL A ~ B~ M1 C =% » == th e LUHEIRY R R T HE S g - HER

P~ KRRV ~ IR T S3AIIE =FR - BT Dy FEHREISTES m > B LUCEES M S B985 © D, FEtRlEE - 2k
WH—/INEI] -« BT Dy Fet ERY/INET] » i BRI C =iy SUARLURS » H HILB D RGAELER TSR T, 0915
LN REEIR -

(a) Bl BN ASAAEAEPHPREE » A~ B~ Fl C == PRV SR EIRAATR S 2

(b) [8] FEFE N A GUAE ARGV RE T > B Al C PRE TRV A G IR D 2

(c) [4] FEENZGUAFPHPIRSHERE T - HREADZFAVEHTE(LE AS -

A B c
Xy Xy xg——
Py Py 2P,
Vo T Vo Vo
To To To
/ / Valve
Dy D, 5]
Solution:

(a) Let the initial number density of gas in compartment A, B and C be ny4, ng, n., After open the have in D, and
reach the equilibrium, the densities become nj, ng, n. respectively. In the final state, the pressure in all
compartments are p, and temperature T,. We have

piVy = nyRT,
PfVé = ngRT,
prC,‘ =n¢RT,

Add 3 equations together,
pr(Va + Vg + V) = 3Vypr = (ny + np + nc)RTy = (ny +ng + ne)RT,

1 1 4
=>pf=3—VO(TLA+TLB +nc)RTO=3_I/0(P0V0+P0V0+2P0V0)=§P0
For A, since n, = n,,

3
pfVs = yRTy = ,RT, =V, = ZVO

VC" = VO
3 5
Vé = 3VO - VO _ZVO = ZVO
(b) (Method 1) Since the entire system is maintained at the same temperature T,, we have
AQ, +AQpc =0

For compartment A, since the internal energy doesn’t change,
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(Method 2) Since the gas is maintained at constant temperature T, the internal energy of the (ideal) gas doesn’t
change.
o o o N,kT, 4 4
AQ — deVB — f pAdVB - f —dVB - NAkTO 11’1— — POV0 11’1— = 0.288 POV0
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(c) Notice that the gas flow between compartment B and C is irreversible therefore we can’t simply apply the
formula

dq
ds = —

(Method 1) One way we can do is to construct a reversible path which connect the initial state to the final state. We
imagine there is a partition between A+B and C which can move slowly. The gas in C can expand so that the
pressure decreases from 2P, to Pr. We would like to determine V; such that the

4 3
2POV0 = §P0V1 = Vl = EVO

P, 2P, Py Py Pr
TO TO TO TO TO

We can imagine there is a partition between A+B and C and move slowly,
aQ padv _ (Pc —Pap)dVe

AS = =< =
3T0 Ty Ty
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(Method 2) To get the entropy of BC, we apply the Sackur-Tetrode equation for the ideal gas,
8]
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when T, is constant.

Initial entropy

PyV, 2P
S;=—2—22Inp 9 %1n2p,
TO 0
Final state:
4
AS =8y —§, =— In=P, + 2—lr1P0 +——1In2P, = —(—41r1—P0 +2InP, + 21n2P0)
T, 3 T, T, 3
PoVo PoVo
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3. [10 points] Trapped Ball
A ball (modelled as a point charge of magnitude g > 0) of mass m is trapped in a spherical cavity of radius R carved from an
infinite grounded conductor. The charge is at a distance z from the center. In the problem, the gravity can be ignored.

(a) [2] Sketch the electric field lines inside the spherical cavity.

(b) [4] Find the electric force F(z) acting on the ball in terms of q, z and R.

(c) [4] If the ball is released at the center with a very small speed, find the speed of the ball v when it is at a distance R /2 from
the center of the conductor. Express the answer in terms of g, m, R.
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Solution:

(a) Inside the conductor, the electric field is zero. Electric field lines should terminate perpendicular to the conductor. Due to
accumulation of surface charges on the wall of the cavity, the electric field strength on the ‘right hand side’ of the charge
should be stronger than that on the ‘left hand side’ and hence the density of electric field lines should be higher. Finally, note
that as the charge is positive, the electric field lines should point out from the charge. With these considerations in mind, we
have the electric field lines shown in Fig. (a):

Figure (a) Figure (b)

(b) To solve this problem, we apply the method of image charges, with an image charge of magnitude q' < 0 located at d from
the center of the spherical cavity as shown in Fig. (b). Consider the potential ¢, (6) at a point P on the wall:



1 q q )
+ = ¢p(6) = 0
4me, <\/z2 + R?2 —2zRcosf +d?+ R2 —2dR cos6 ¢»(9)

2 12

q _ q
~ 22+ R?—2zRcos0  d? + RZ— 2dRcos0
= q*(d? + R?) — q'*(z* + R*) + 2R(q'*z — dq?) cos § = 0
For this to be satisfied by all 8, we need

{ q%z—dq*>=0
q%(d® + R?) —q'*(z2 + R) =0
Solving gives
R? qRrR
d= - and q' =-——
This is the almost the same work we did when we solved the image charge problem for a charge outside a grounded
conducting sphere. This gives our force (attractive) to be
1 lqq'l 1 q°Rz

IFI = 4mey (d — 2)? - 4mey (R? — z2)?

(ci) By the work-energy theorem, the velocity at z = R is given by
R/2

%m(v2 —-0%) = j F(z)dz

0

2 R/2 qu R/2 7 qz 1/2 u 1 qz
v mjo (2) dz 2megm J,  (R* —z?)? ? 2meomR jo (1 —u?)? “ 12meo mR

4. [10 points] In this question, all answers cannot be expressed in terms of any trigonometrical functions.

An ice hemisphere with radius R and refractive index n lies on a warm flat table and melts slowly. The rate of heat transfer
from the table to the ice is proportional to the area of contact between them. It is known that the ice hemisphere
completely melts in time T,,. Throughout the process, a laser beam incident on the ice from above. The beam is vertically
incident at a distance of R/2 from the axis of symmetry (see figure).

Assume that the temperature of the ice and the surrounding atmosphere are 0°C and remains constant during the melting
process. The laser beam does not transfer energy to the ice. The melting water immediately flows off the table, and the ice
does not move along the table.

(a) [4] What is the position of the point on the table, x, = x(t = 0), where the beam hit at time t = 0? Express the answer
interms of nand R.

(b) [3] What is the height of the ice z(t) as a function of time t? Express the answer in terms of R and Tj,.

(c) [3] What is the position of the point on the table, x(t), where the beam hit for t > 07 Express the answer in terms of

n, R, Tyand t.
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Solution:

(a) Let's find the point on the table where the beam hits at the very first moment t = 0. Consider Figure 5, it is easy to find

that the angle of incidence of the beam on the hemisphere is @ = 30°, i.e. sina = %

According to Snell's law of refraction

. _sina_l=>t _ 1
Slnﬁ— n —% anﬂ—m

From the pink triangle with angle y in Figure 5 it is easy to find its horizontal leg @tan y, which means the point of

incidence of the beam on the table: it is located at a distance x,, from the center of hemisphere O:

R 3
X =E—7Rtany

. _ )= tana —tanf  V4n? — -3
any =tan(a - f " l1+tanatanf Vi2nZ—3+1

R<1 ViZnZ = —3) 2R
Xn = — - =
) ViZnz—3+1) Vi2nz—-3+1

(b) At time t, the base in contact with the table is a circle with radius r. Within a time interval dt, the amount of heat absorbed
is
dQ = Knr?dt
for some constant K. The volume of the ice melt is
dQ = Ldm = Lpnr?dz
Where L and p are the latent heat and density of the ice respectively. Therefore we have
Knr?dt = —Lpnr?dz

dz K tant
> —=——
T Ip is a constan
i.e. the melting uniformly reduces the thickness of the ice, we have
t
o=r(1-1)
7() T

(c) At the end, when the base of the ice has radius r < g, the beam will obviously hit the table vertically (i.e. x(t) = g). It

corresponds to the case when the thickness of the ice reduces to z(t) = ( 1- g) R. It will happen at the time t = g To-

Therefore, for t > gTo, we have x(t) = g

To get x(t) for t < gTo: we can consider the similar triangles.
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