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Please fill in your final answers to all problems on the answer sheet.
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1. Length of Daytime (7 points) HEKE (743)

(a) In the figure, ABCD is a rectangle lying on an inclined plane making an angle 6 with the
horizontal plane. ABEF is the projection of the rectangle on the horizontal plane. If the
measure of the angle DAC is ¢, derive an expression for the angle a. [2]
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Let 7= AC. Then

CE = hsina.

BC = AD = hcos ¢.

CE =BCsinf = hcos¢siné.

Equating the expressions of CE, hsina = hcos ¢ sinf = a = arcsin(cos ¢ sin 9).

(b) The ecliptic is the plane on which the Earth revolves around the Sun. The axis of rotation
of the Earth is inclined at an angle of 23.4° with the normal to the ecliptic. The day of the
Winter Solstice (in the Northern Hemisphere) is 21 December. Using the result of (a) or
otherwise, calculate the incident angle of sunlight relative to Earth’s equatorial plane
today (22 February). [2]
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In the figure above, consider ABEF to be the equatorial plane of the Earth, and ABCD the

ecliptic. Then 6 = 23.4°. When the Earth revolves around the Sun, sunlight is incident on the

Earth from different directions lying on the plane ABCD. For example, on 21 December,

sunlight is incident on the Earth in the direction AD, since this is the southernmost direction

of sunlight. Similarly, during Spring Equinox and Autumn Equinox, sunlight is incident on
the Earth in the direction AB or BA.
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On 22 February, the time is 63 days after the Winter Solstice. Hence on the ecliptic, sunlight
is incident from the angle ¢ = 360° (%) = 62.14°, and relative to the equatorial plane, it is
incident from the angle
a = arcsin(cos ¢ sin 8) = arcsin[cos(62.14°) sin(23.4°)] = 10.70°.
(¢) The latitude of Hong Kong is B = 22.25°. Calculate the length of daytime in Hong Kong
today (22 February). Give your answer in hours to 3 significant figures. [3]
FWAL T = 22.25°% WKIHHEASRQ H 22 H) HEABERKE. &30 LN
®Kik, =AM [3]
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Consider the latitudinal cross section at £3.
PR = R cos 3. (R is the radius of the Earth.)
QR =Rsinf tana.
Hence the angle QRS is given by cos x = % = RTcﬁTw;a = tanf tana.
x = arccos(tan § tan @) = arccos(tan 22.25° tan 62.14%) = 85.57°.

85.57
180

Length of daytime in Hong Kong = 24 ( ) =114h

2. Rotating Ball (6 points) FEBIHYER (9 47)

A ball of mass m and radius a is at rest on the surface of a sphere with radius R. The ball is
initially at the angle 8, at t = 0. The bottom sphere is fixed and cannot move, but there is
friction so the ball rolls without slipping until it leaves the surface of the sphere at angle 6;.



The moment of inertia of the ball about its axis is [ = gmaz. The gravity is directed as

shown.
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BRI EE I B ARES D), (HRAFERET), KIEKIEARD), ERELAE, &
FFER IR, T:JE%Eiiﬂﬂé%é’ﬂ'fﬁ%%ﬁ%lzgmazo 517775 man E R,

(a) What is the frictional force acting on the ball at angle 87 [3]
TEAEORHE RITERR EHYEEE 2%/ 7 [3]

(b) What is the normal force acting on the ball at angle 6% [3]
TEAEORHE FITEER ERYSCR 12270 2 (3]

(c) Find 6, in terms of 6. [1]
A0, KRIL, &R, [1]

(d) What is the speed of the ball at angle 8,7 [2]
FEf L0, RE R =R 2%/ ) 2 [2]
Z
Y8,

Solution:

(2)

6+ A0

If the ball is rolling without slippering,

RAB = ad¢
_w+A9+A@—ﬂ_}w+d¢_d06+R)
w= At T dt  dt dt\ a

(R + a)46 = vAt



40

—>v=(R+a)E

= aw

By the conservation of energy and Newton’s 2™ law, we have

1 1
mg(R + a)(1 + cos8,) —mg(R + a)(1 + cos ) = =mv? + = [w?

2 2
1 12 v? 7
- mg(R + a)(cos 6, — cos 0) = Emv2 + Egmaza—z = Emv2

10
- v?= 7g(R + a)(cos B, — cos ) (a)

From Newton’s 2™ law on rotation
; dw 2 dw
= _— = — —_—
fa=1IGr=f=gmagy

Newton’s 2" law along the tangential motion,

g __dv dw 5
mgsind —f =mor=mag-=of

2
—>f=7mgsin9

Another way to get the result is from equation (a) without using the Newton’s 2" law.
Sincev = (R + a) Z—f, Eq. (a) implies

de\? 10
(R + a)? (E) = 7g(R + a)(cos B, — cos )
Differentiate on both sides,
2R + )2d9d29 10 (R + @)si 6d9 d’¢ 5 g :
_— — = = —
¢ dt dt? 7g S dt dt? 7R+aSlrl
And
2 dw 2 ( +R)d29— .
f_Smadt_Sma dt2—7mgsm
(b) Newton’s 2™ law gives
P mv?
mg cos ~2+ta
The normal force is
N = oM _ o——" 10 R +a)(osh 0
= mg cos R+6117—mgc0510 R+a7g a)(cos 8, — cos

= mg(7 cos 6 — - cos )

(c) At 84, the normal force vanishes, we have

10

cos B, = ﬁcos 0

(d) the velocity of the ball at the angle 6 is

7
v= \/g(R + a)(cos B, — cosb,) = \/ﬁg(R + a) cos 6,



3. Nearest Exoplanet Discovered (7 points) & BlETNLRIMTE (747)

On 24™ August 2016, astronomers discovered a planet orbiting the closest star to the Sun,
Proxima Centauri, situated 4.22 light years away, which fulfils a long-standing dream of
science-fiction writers: a world that is close enough for humans to send their first interstellar
spacecratft.

2016 £ 8 H 24 H, RXFHRKIMAEEE KIH&LMERE—H4ALE (Proxima
Centauri) , A —RTREESEEEIT, WALEEEKIH 422 S, X RS T
SINRABFERI KIS « — /DR Baaro i, A En] DESE — R B R & 1414,

Astronomers have noted how the motion of Proxima Centauri changed in the first months of
2016, with the star moving towards and away from the Earth. In the figure below, the radial
velocities of the star are measured and the direction of the radial velocities changed regularly.
This regular pattern caused by an unseen planet, which they named Proxima Centauri B,
repeats and results in tiny Doppler shifts in the star’s light, making the light appear slightly
redder, then bluer.
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It it is given that the star, Proxima Centauri, has a surface temperature of 3000 K and a radius
of R = 0.14Rg,,, and the orbit of the unseen planet, Proxima Centauri B, around the star is
circular. (Radius of the Sun Rg,, = 6.96X10%m , the gravitational constant G =
6.674x10711m3/ kg - s?)

THAE HLAR B R IR L 3000 K, % R = 0.14Rgy,,, 1TREWALE B BISERMNYLE
ERE,  (CKBHY¥#ERg,, = 6.96x10%m, 5|16 = 6.674x1071 1 m3/ kg - s?)
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Figure: Measurements of the radial velocity of Proxima Centauri (denoted as RV in the figure) from 1 January
2016 onwards. The blue curve is the best fit curve of the data.
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(a) Proxima Centauri is a red dwarf star, unlike our Sun, with a mass of only 0.12 Mg,,,.
Estimate the radius of the planet’s orbit using the given information. (The mass of sun,
Mg,,,, = 1.989x103%g) [2]

oAl R — MR, H5IATREAARE, BEMNN012M,, » TS BEMEEAT
EPERERE, (KAMIR & Mg, = 1.989%103%g) [2]



(b) Estimate the mass of the planet in terms of Earth mass. (Mgg,¢, = 5.972x10%*kg) [2]
BAGRATRAO R, DMERREARM RN,  HERFE Mperen = 5.972x10%*kg) )
[2]

(c) Estimate the equilibrium temperature of the planet by assuming that both the star and
planet are black bodies. [3]
R TR AT 2 e B, IREETENTRSIEE, (3]
Solution:
(a) The period is the time interval between two consecutive peaks of the curve. From the
radial velocity curve, the period is 11 days
(Full marks for the period within +2 days)
Using Kepler’s 3™ law: (Assuming Mg, > Myianet)
T? 472 0
&~ GM,. —>a=7.14x10"m
(b) The orbital velocity for a circular orbit is:
2ma
v=—= 47200m/s
Here a is the distance between the star and the planet, that is, the sum of the orbital radii of
the planet and the star, and we assume that the orbital radius of the star is negligible.
In the center of mass frame, p,,,, = 0.
- Mvs —mv, =0
From the figure, v; = 6.5 km/h = 1.806 m/s.
>m= EM = (1'806> (0.12x1.989x103%) = 9.1x10%*kg ~ 1.5M
“ v, \a7200) T - S

(c) By assuming thermal equilibrium, the heat absorbed by the planet (due to the radiation of
star) is equal to the heat radiated by the planet (as a blackbody)

<47TR520TS4 R? R

o 72218 o Ty =T, |5= = 248K = —25°C

>7IR§ = 47‘[R§(7T25L - T; = o

4. L-Shaped Conductor with a Wire (8 points) L JES{&f1548 (8 4)

A L-shaped conductor consists of two semi-infinite conductors in the xz and yz planes where
the cross section is shown in the figure. The L-shaped conductor is grounded and centered at
the origin. A line of charge, with linear charge density A runs parallel to the z-axis is located
at (a,b) where b > a > 0.

LIPS xz M yz PR EIPR - ERPE AR - B En T SErEEE - LiPS
et L EANR R - —REMEREEENLT 2 BT REEL T (ab) 0 B
b>a>0,

(a) Compute the electric potential V (x,y, z) forx > 0andy > 0. [3]
THHEx > 0Fny > ORTAYHH V(x, y, 2) ° [3]

(b) Compute the capacitance per unit length of a thin wire of radius r, placed at the point
(a,b). Assume that the wire radius is much smaller than a and b (i.e. r < a, b) so that the
solution of part (a) is approximately correct in the region exclusive of the conductors. [3]



HRBEER (a, D)L N r NS, HERKENBEE, RELFEE rita
Mb/F% (Hir<<ab) , SFAE@QEIIBERR SRS X TEIER, [3]

(c) Compute the force per unit length on the wire (as a vector). [2]

HRSL LBRMAKERN T FEARE) . [2]

y L B TE A DU
line charge extends out of
the page

Solution:
(a) We apply image method by adding 3 image line charge in the following ways:

1. (—a, b) : Charge density - A
2. (— a, —b) : Charge density 1
3. (a, —b) : Charge density —1
Hence the total electric field along the x-axis (at the point (x, 0)) is

= A 1 o 1 o
= 21e, ((x —a)? + b2 ((x —a)i — bf) - m((x + a)i — bj)
1 1
G (@1 8~ e (=i 4 )
! 2b 2b )
- 2meg (_ G-a)?+b2 Gtra)?+ b2>]

which is along the y-direction and hence the electric potential which is constant along the x-
axis.

Similarly, we can show the electric potential is also constant along the y-axis.

By setting the potential V(0) = 0 at the origin, the electric potential of an infinite line of
charge at (a, b) is

a? + b?
Volx.3,2) = A€, In ((x —a)?+(y— b)z)
Similarly, we can get the electric potential for other image wires
a? + b?
hxy.2) = ~ 4re, In ((x +a)2+(y— b)z)
A a? + b?
Valx3,2) = A€, In <(x +a)2+(y+ b)2>
a’? + b?
Valoy,2) = = 41e, In ((x -a)?++ b)z)
The total electric potential becomes,
A 1 (x+a)>+ (y—b)*\ [(x—a)?+ (y + b)?
4Tr€, " <(x —a)+(y— b)2> <(x +a)+(y+ b)2>

V(x,y,2) =



® Q Q AL
Cav V(@-1b0-V(©000) A ((Za - r)2> ( ()% + (2b)? )
41e, (—1r)? (2a — )% + (2b)?
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(c) The force on the wire is the electric force on the wire from three image wires.
From Gauss’s law, the electric field created by three image wires at the point (x,y, 0),

C

R A 1 . R
E:2n60<_(x+a)2+(y—b)2((x+a)l+(y_b)])
1 . .
+(x+a)2+(y+b)2 ((x+a)l+(y+b)])

1
- (x —a)? + (y + b)? ((x —a)i+(y+ b)j))

Substitute (x,y) = (a, b), we get
7 A ((ai+bj) 1, 1A)
a' b’

4me,

The force on the wire is
| ((ai+bj) 1 1A> F 22 ((ai+bj) 1 1A>
— - e — =] = —
dmeg\ a? +b? a L 4mey \ a? + b? a' b’
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5. A Flying Square Loop (8 points) —{EFRSfTHI S TZER (8 77)

A square loop of side a and mass m is made of resistive material with a total resistance R. At
t = 0, the loop is located at x = 0 and moves with velocity vyX. The loop lies in the x-y

plane. There is a magnetic field B = B, (xi) Z where B, > 0 is a constant. In the problem,
0

we neglect the effect of gravity.
—IKN a RN m BT AR R, SEFHNR, fEt = OFf, ML Tx =
OFF LA fEvoR BB, RRLT xy VI, AR B = By (=) 2, HriBy > 02—

B, FERXAET, A2 E SRR,

(a) What is the induced current on the loop when the center of the loop is at the point x with
velocity vX? What is the direction of the current? Is it clockwise/anticlockwise from above?
[2]

MG ROAL T, HEAve B, 3 EAEN BREZD 2 e ftea 2 MBS
LT MR/ A 2 2]

(b) What is the velocity of the square loop v(t) at time t? [3]
EHAER e () % 2 [3]

(c) How far does the loop travel before stopping? [3]
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Solution:
(a) When the center of the square loop is at the point x, the magnetic flux passes through it is,

a
Xtz x aB, N a\2\ aB, a’Byx
¢=aL=x_%Bo(g>dx=E((x+§) —(x—§)> — (2ax) = .

The induced emf is

Cdt T x

do a’B, (dx> a’B,

— Yo 7

dt Xo
The induced current is
€ a’B,
"R xR’

and the current is clockwise from above.
(b) The dissipation power of the induced current compensated by the work done to decelerate

the loop,
poje &1 a’B,\" , .
=2 =z Ve = —mvv
v 1 <azB0 2 % 1 <azBo>2
-5 —_= —— = —— wherey = —
v mR\ xg m X

The velocity of the loop is

(c) Total distance travelled is

@ vom T
X = v(t)dt = —— = Rmv (—)
J;=0 y °\a2B,

6. The Phenomenon of the Halo (6 Points) Ye&EIRER (6 43 )

Bright halos around the sun can be observed as in Figure 1. As shown in Fig. 2, this optical
phenomenon is caused by the refraction of the sun's rays on ice crystals in the cirrostratus, a
cloud genus that reaches a height of approximately 5.5 km.

AT g v DO BR B A B A St w08, Wl 1 fros. Wil 2 fos, RO
MR R B KIDCEAEEE = P HIUKE ST AR, Za R &2 5.5 km -

To understand the phenomenon of the halo, we simplify the problem in two dimensions. In
the following, we denote the angle of incidence on an ice crystal 6;, the angle of refraction at
the first interface 8,, the angle of refraction at the exit of the crystal 8, , and the angle of
deflection between the ingoing and the outgoing sun ray 6.
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A okl
a Ice crystal

Observer %
Fig. 1: A halo surrounding the sun Fig. 2: Formation of a halo. Fig. 3: Light refracted by an ice crystal
Bl KEEAENLE B2 2ENEK. B3 . HKSITHE

(a) We consider an ice crystal in the form of a regular hexagon (Fig. 3). Derive an expression
for 6 as a function of 8,, ny;,- and n;.., where n; denotes the refractive index of the medium
i. (g =1, niee = 1.31) [3]

(a) BAIBE— N IERNZAIKEE(E 3), 3RO, FK,  TFELO,, ngg, Fling 1E L
HEERR, HH R TP, (nh, = 1, nyee = 1.31) [3]

(b) Estimate the angular radius of the halo as measured by the observer on the ground. [2]
The identity may be useful:
BN A EEFDECENARERN - [2]
EAAATREA H:
d ) 1
—arcsinx =

dx V1= x2

(c) A closer look at a halo reveals the light spectrum along its entire circumference. Which of
the colors, red or blue, is on the inner, which on the outer side of the halo? [1]
AR — e, AT LMERE BRI REE, Hotma N mEm—Fhgie, 2
CEE A, ECEAIMUISORI—FhEiE 2 [1]

Solution:

By Snell’s law,

Ngir SN O; = n;., sin 8, = sin 8; = n;., sin O,
Nice SINB3 = sin b,

T
92+63=§

T
Op = (6; —6,) + (0, — 03) = 0; _§+ 8o
T 1
0, = arcsin (nice sin (— — arcsin ( sin 91)))
3 Nice

s T
0, = arcsin(n;, sin 8,) — 3 + arcsin (nl-ce sin (§ - 92))

(b) The halo is observed at the stationary point of 6,

10



do 1 1
= Njce COS O, —

de
2 Jl—nz sinZ 0, Jl—nz sin? (n—Hz)

ice ice

Njce COS (g — 92) =0

3
i A
_)0225_92 lL.e. szg

and the corresponding 0, is:

Op min = 21.8°
The angular radius of the halo is 6 = 0p in — Os = Op min = 21.8°
(¢) The refractive index of red color is smaller than that of blue. The deflection angle
corresponding to the blue color should be bigger and hence the outer of the halo should be
blue, and inner of the halo is red.
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