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1. No-Shadow Day (5 points) ML%ET (543)

(@) In the figure, ABCD is a rectangle lying on an inclined plane making an angle & with the
horizontal plane. ABEF is the projection of the rectangle on the horizontal plane. If the
measure of the angle DAC is ¢, derive an expression for the angle «. [1]
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Let h=AC. Then

CE = hsina.

BC = AD = h cos 4.

CE =BCsinf = hcos¢siné.

Equating the expressions of CE, hsina = hcos ¢ sinf = a = arcsin(cos ¢ sin 8).

(b) The ecliptic is the plane on which the Earth revolves around the Sun. The axis of rotation of

the Earth is inclined at an angle of 23.4° with the normal to the ecliptic. The day of the
Summer Solstice (in the Northern Hemisphere) is 21 June. The latitude of Hong Kong is
22.25°, and the no-shadow days are those days on which the Sun does not cast a shadow of a
vertical pole at noon in Hong Kong. Using the result of (a) or otherwise, derive the angular
displacement of the Earth’s revolution between the Summer Solstice and the no-shadow days
in Hong Kong. Give your answer to 3 significant figures. [2]
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In the figure above, consider ABEF to be the equatorial plane of the Earth, and ABCD the

ecliptic. Then @ = 23.4°. When the Earth revolves around the Sun, sunlight is incident on the

Earth from different directions lying on the plane ABCD. For example, on 21 June, sunlight is

incident on the Earth in the direction DA, since this is the northernmost direction of sunlight.



Similarly, during Spring Equinox and Autumn Equinox, sunlight is incident on the Earth in the
direction AB or BA.
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Identifying 6 = 23.4° and when the Sun does not cast a shadow of the vertical pole at noon in

Hong Kong, a = 22.25°.

Hence the angle ¢is given by

cos b = s%na _ si.r122.25° = 09534 = ¢ = 17.56°
_ sin@ sin 23.49 i
(c) Write the dates of the no-shadow days in Hong Kong. [2]
RE FEB L HMHB. [2]

The number of days for the Earth to revolve around the Sun through this angle
=365 (=) = 17.8
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Hence the days with no shadow in Hong Kong are 18 days before and after the Summer Solstice,

that is, 3 June and 9 July.

2. Six Missiles (5 points) AF k3 (54

Six missiles are initially located at the six vertex of a regular hexagon with side length a. The
speed of the missiles in the plane is v. Each missile is equipped with an automatic navigation
system. The automatic navigation system of each missile guides itself to aim at the current
position of its counterclockwise neighbor.
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(a) Find the radial component of the missile velocities relative to the center of the hexagon. [2]
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By symmetry, all the six missiles hit at the same time.

By symmetry, they must hit at the center of the hexagon.

By symmetry, the missiles are always at the vertex of a rotating hexagon.

The radial speed is v cos(#/3) = v/2.
(b) Find the time taken for a missile to hit another. [3]
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The time taken is a/(v/2) = 2alv.



3. Falling ladder (10 points) T EksHIBEF (104

A ladder of length 21 and mass m is standing up against a vertical wall with initial angle a
relative to the horizontal. There is no friction between the ladder and the wall or the floor. The
ladder begins to slide down with zero initial velocity. Denote 6(t) as the angle the ladder makes
with the horizontal after it starts to slide and (x(t), y(t)) be the coordinate of the center of mass
of the ladder. In this problem, you should take the gravitational potential energy to be zero aty =
0
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(a) What is the initial total mechanical energy of the ladder in terms of a? [1]
B89 S REE R & 2.7 BE M aFor. [1]
E, =mgy =mglsinx

(b) Write the potential energy of the ladder in terms of 8(t) when it is sliding. [1]
BEHOWOG T MERRYHARE. [1]
U =mgy =mglsing

(c) Write the total kinetic energy of the ladder in terms of x(t), y(t), 8(t) when it is sliding.

(Hint: The moment of inertia of a rod of length 2/ and mass m about an axis through the
center of mass and perpendicular to its length is I = ml?/3.) [1]
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(d) As long as the ladder is in contact with the wall, find the relation between x(t) and 6(t), and
similarly the relation between y(t) and 6(t). [2]
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x=Icos@ and y=Isind



(e) Write the total mechanical energy of the ladder in terms of 8(t) and 8(t) only by eliminating
any dependence on x(t) and y(t). [2]
EHExOFM y(©)fF, HAH®) Fl 005 TR FAVSHIREE. [2]
x=—(Isin@)0 and y=(lcos®)o

E=T+U= %mlzéz(sin2 6 +cos® 6) +%m|2¢92 +mglsing = %mlzé?2 +mglsing

(f) Derive the relation between 6(t) and 6(t). [1]
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%mlzé2 +mglsin@ = mglsina :%ml295+mglcos¢9¢9' =0=0= —i—?cose
(9) Find the angle 6, when the ladder loses contact with the vertical wall. [2]

P L b RIS B R BT RY AT 6. [2]

m% = —mlsin 69 —ml cos 99° = 0 and 6? =z—?(sina—sin 0)

= —mlsin 0(—%003 HJ—mlcosaz—?(sina—sin 6)=0

. 2 .
:>§sin9—§sina+§sin9=0 =sing, = —sina
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4. Photon Gas (5 points) Y6 754k (543

The kinetic theory is very useful in understanding the properties of gases. In this problem we

apply the theory to a gas of N photons inside a cubic box with side length L. The energy-

momentum relation of a photon is given by E = |p|c.
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(a) Express the time taken between two consecutive collisions of the same wall of the box
normal to the x direction in terms of L, p, px and c. [2]
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During every collision with the wall, the change in momentum is 2p.

The time taken between two collisions is At = 2L/c(pyx/p) = 2Lp/cpy.

(b) Express the internal energy U of the photon gas in terms of its pressure P and volume V. [3]
FHETRERKINRE U B RUVUAR ) P RAR V £iE. [3]

The force is 2p,/(2Lp/cpy) = cp,/pL

The pressure is cp,/pV.

The total pressure is P

= c(p,2Ip) NIV = 113 NIV c((pi + py2 + p.2)/p) = 1/3 NIV ¢(p) = 1/3 UV

Hence U = 3PV.

5. Sea Surface Sound Transmission (5 points) ¥ HE£&E (54)



In a region where the ocean has a constant depth of h, a sound source emits sound wave with
frequency f. Suppose the frequency is so high that sound waves can be treated as rays, and the
refractive index of water for sound wave is n. Let the sound speed in air be c. The source is
moving with constant horizontal speed v < c¢ towards a stationary receiver at distance D, both
located just above the ocean surface, as shown in the figure. It is also assumed that the speed is

low so thatg > v, where 7 > % is the observation time. Assume we can ignore reflection by the
ocean surface and consider only reflection by the ocean floor.
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(a) Find the frequency of the sound arriving at the receiver through air. [2]
T F A ZE S ENARRUT SR - [2]

The Doppler shifted frequency is f; = C_va.

(b) Find the frequency of the sound that will arrive at the receiver via the ocean when D = 2h. [2]
D = 2hi K H 7S & 2 SRR A . [2]

The shortest path via the ocean is reflected at the midpoint:
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Refractive index = n

Component of the source velocity longitudinal to the sound wave in the ocean
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The Doppler shifted frequency is f, = C/Cn/fv,f = C_%
JDZsan?
When D = 2h, we have
_
f=—ww
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(c) Find the instantaneous beat frequency when the sound waves in (b) reach the receiver. [1]

et () R P R RIIA AL A I (R B IR AR . [1]

The beat frequency is f, = |fi — f2| = 1L_Z— 1_]}__1; = (1_3)(f|n_v)§f
c 2¢C c V2c

6. Electron Trajectory in a Cavity (10 points) 2= K EFHE (10 43)

A spherical cavity is carved out from a uniformly positively charged sphere with radius R. The
radius of the cavity is R/2, located at a distance R/2 from the center of the large sphere, O. The
total positive charge in the system is Q.

FE— RIS IR AR08 R UERIR N2 —2B 4208 RI2 IBRIE 2 i . 256 0 5 K3k
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(a) Consider a point in the cavity at distance r and polar angle & from the origin. Calculate the x

and y components of the electric field at the point. [5]

FIRZEEN— R, HRSFEAEEN L KA 0. HRIZSEN x o8Ny 77E - [5]
The configuration is equivalent to a fully filled large sphere with charge 8Q/7 and a small sphere
with charge —Q/7.

Electric field due to the large sphere
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Electric field due to the small sphere
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(b) As shown in the figure, electrons are emitted from O in all directions with speed v and
direction @ ranging between 0 and 7, but none of them can reach the opposite end of the
diameter of the cavity. Gravitational forces are negligible. Find the equation of the envelope
of all trajectories of the electrons. [3]

mE R, MFEETFZHETH O LUFAFGEZ v 0 EAN& 7R e . HEBREAL
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The electron is subject to an effective acceleration g to the left with
eQ
g =

7mEgmR2
The equation of motion of an electron is x = vt sin 8 — %gtz, y = vt cos @
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Eliminating t, the equation of the trajectory is x = y tan 6 — £>_= %y2

For a given position, the angle @ required to reach the position is given by
2 2

92 tan?6 —ytanf +x + 2= =0

2v 2v

Solution exists if y? > 4 (22 (x + £%)

2
Hence the equation of the envelope of safety is x = Z—g - 2‘%3’2

(c) Find the maximum x coordinate where the electrons hit the inner surface of the cavity.
Express your answer in terms of Q, the absolute value of the electronic charge e, electron
mass m, R, and v. [2]

PR FT TP BN R AR R AT RERY X A8fr. ZZEDL Qv FFHTENME e BT
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The surface of the cavity is given by (x — g)z + y? = R?/4

2 2 2
The intersection with the envelope is given by x = g + % + /RT + %

; R 2 R2 2R L. :
Since x = -+ =+ |—+— > R, itis rejected.
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7. Proton Motion Near a Charged Current-Carrying Wire (5 points)
AT IR R AR R F183) (540)

As shown in the figure below, a proton of charge +e moves with velocity v parallel to an
infinitely-long, thin wire, at a distance r from the axis of the wire. The wire carries a current I,
and its charge per unit length is A\ (assumed positive and uniform). Both the proton and the wire
are in vacuum.
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Express the answers from (a) to (c) in terms of r, I, \, the permittivity of vacuum &, the
permeability of vacuum .y, the speed of light ¢, and the unit vectors in cylindrical coordinates ey,
egand e;.
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(a) Find the electric field experienced by the proton. [2]
RIFT AR 2 E. [2]
A A

By Gauss’s law: fE-dA =—=E=

&, 27‘(807"

(b) Find the magnetic field experienced by the proton. [2]
K P2 21 B. [2]
s law: §B.dl — _ A
By Ampere’s law: SEB dl=pul =B= - e,
(c) Find the speed of the proton such that it moves in a straight line parallel to the wire. [1]
KL HER, RN ELT T 246E3). [1]
Resultant force on the proton is F, +F, =eE+evxB
_ el 5 +(evez)x[ﬂ—°|e9) _ el 5 eVl (ce )= el evyl o
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For the proton to move in a straight line parallel to the wire:
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Remark: Some students include relativistic effects in calculating the electric and magnetic fields
experienced by the proton. In that case, the correct answer can be obtained by either using (1)

E'=7(E+vxB) and B'=y(B-VxE/c?), or (2) A'=y(A—vl/c?) and I'= y(1-vA), since (oc,

J) is a 4-vector. The answers become E'= 4 (l—lz Ij and B'= M(I —VA).
27 ¥ c 2nr



