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1. [10 points] A wooden wedge of mass M is placed on a smooth table. A small wooden block of mass m
is connected to the top of the wooden wedge with a spring of elastic constant k. Suppose the natural
length of the spring is Ly, and there is no friction between two wooden blocks. Now the small block is
released at rest at distance L, from the top of the wooden wedge (as shown in the picture) and slides
down freely. Find

(a) [1pt] The equilibrium position of the small block m measured from the top of the wooden wedge.

(b) [2pt] The horizontal distance travelled by the wooden wedge when the small block m reaches its
equilibrium position, i.e. the position where the acceleration of m vanishes.

(c) [1pt] The oscillating amplitude of the small block m along the slope of the wedge.

(d) [6pt] The period of oscillation of the small block m along the slope of the wedge.
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Solution:
(a) There are 3 forces acting on the block m.




At equilibrium,

F =mgsing = k(leq - lo)
mg sin 6
= leg = % + Iy
(b) Let the horizontal position of wedge and small block be X and x respectively. Initially, x = X = 0. At
equilibrium position, we have

mx +MX =0

From part (a),

mg .
x—X=(U—-1y)cosO = Tsm@cos@
Solve 2 equations, we get
¥ = mgsinf m p
B Kk m+M®

mgsinfd m
k m+M

cos 6.

The horizontal distance travelled by the wedge is

(c) (Method 1) The maximum distance travelled by the block m is the distance between the initial and the
equilibrium position,

A= |lO —leq| =%sin9

(Method 2)
Assume the maximum distance travelled by the block m is [,,,. From the energy conservation,

1
mg (L, —ly) sin@ = Ek(lm —1y)?
2mg

k
And the amplitude is given by the maximum distance from the equilibrium position,

=, -1, = sin 6

mg .
A=1l, -1, =Tsm9

(d) Let the vertical and horizontal acceleration of mass m be a,, and a_x and the horizontal acceleration of
the wedge M is A,. We have
ma, + MA, = 0. (D)

a, — A
a = =cotf (2)

y
—Nsinf + Fcos@ = MA, (3)

mg —Ncosf — Fsinf =ma, (4)

k(U= lg) = — _ 5
F=k(l-l)=——=G&-X0=——=(1+)

From eqtn (1) and (2),



m
a, = (a, — Ay) tan 6 =ax(1+M)tan9

Substitute into (4),
m
mg — N cos@ — Fsinf = ma, (1 +M)tan9 (6)

From (3) and (6), we can eliminate N and

mgsinQ—Fzmax(1+%)

my sin? @

sin? 6
— MA, cos 8 = ma, (1 +—) 050

M

0
050 + cos l

Substitute F from eqtn (5),
_ kx m my sin? 6
mg51n9—c—(1+—)=max (1+—) + cos 6

os6 M M/ cos@

We can find a term a,, « —x in the expression which gives rise the SHM. The angular frequency is
k m m
w? = c059(1+ﬁ) _ k(1+ﬁ)
in2 - my ..
- [(1 + %) % e 9] m[(l + M) sin? 6 + cos? 0]
5 k(M + m)
> =

" m[M + msin? 6]

21 m(M + msin? 9)
>T=—=2n
) k(M + m)

We can check the result in several limits:
(1) As M - o0, w? —>£
(2)As 6 — 0,

W

(3)As @ —>§,

(Method 2) Consider the motion of the wedge M. Fundamentally, the motion of M is complicated: it is
pulled by the spring and at the same time also pressed by m. But effectively, since it is under harmonic
motion, we can consider the spring and m together as an effective spring with spring constant ke¢. The

angular frequency is w? = keg/M, and from energy conservation,

ikeffX Z2 = %M V2 (7), where V is the velocity of the wedge at the equilibrium position.

Here V can be solved by energy conservation and momentum conservation of the system. Let the velocity
of m with respect to M be ¥, then ¥, satisfies vy, = vy, tan 6.

Let the velocity of m with respect to the ground be v. Then, v, = v, — V, Vy = Upy.

Momentum conservation of the x-direction: MV = mv, = v, =

mg sin? 6

” =%m(v§+v§)+%MV2.

5 1
Energy conservation: Smg X

Inserting v, and v,, into the above equation, solve ;M V2 and then use eqtn (7) to solve k¢, we have



kM (M+m) 0 2 Keff k(M+m)
kesf = ————————. Thus, the fr ney is W = — = —————,
eff m(M+m sinZ 0) us, the frequency 1s M m[M+m sinZ 0]




2. [10 points] A system of 3 energy levels, E; = 0,F, = €, and E5 = 10€ (¢ > 0) is populated by N >

1 particles at temperature T. The particles populate the energy levels according to the classical Boltzmann
distribution law.

(a) [2pt] What is the average number of particles, N5, with energy E5?

(b) [2pt] What is the average energy of a particle at temperature T?

(c) [2pt] At sufficiently low temperature T,, only energy levels E;, E, are populated. Calculate the order of
magnitude of the characteristic temperature T,.

(d) [2pt] Calculate the molar specific heat at constant volume C,, at low temperature T < €.

(e) [2pt] Calculate the molar specific heat at constant volume C,, at high temperature T > €.
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Solution:
(a) We have
Nl + NZ + N3 - N
2 _€
— = e kT
N,
N, _10e
— = e kT
1
N
= Nl == _i _&
1+e kT + e kT
And
10€
Ne kT
N3 = € 10e

1+e kT +e kT

(b) The average energy of a particle is

_€ _10e
€e KT + 10€e kT
- € 10e

1+e kT +e kT

(c) If E5 is unpopulated, we have N3 < 1. At the characteristic temperature T,

N3 - 1
_10e e _10e
> Ne Fle =1+e e 4 ¢ KT:
10€ 9¢

= N = ekTc 4 ekTc + 1
IfN > 1,

10¢
= N =~ eklc

10
=T~ klniV = O(klfo)

(d) The molar specific heat is given by



(e7Be + 100e~106¢ + 81e~11F¢)
(1 + e=Be 4 ¢~10B¢)2

Nye?\ _e
CVz T2 e kT

(e) At high temperature T > € (i.e. fe K 1),

oE
Cy = NAﬁ = (kNAGZ,BZ)

At low temperature T < €,

(1+100 +81) 182 N,e?
(3)2 9 kT?

Cy = (kNAEZﬂZ)

3. [10 points] One cylindrical vessel of radius R; is fixed inside another cylindrical vessel of radius R,, as
shown in the figure. In the bottom of the small vessel, there is a small hole with a bushing and a wooden
cylinder of radius r and height h = 21cm is inserted. The wooden cylinder can only move vertically
relative to bushing without friction. Water is poured into the small vessel to a height of a = 30cm, and oil
is poured into the large vessel to the same level. And the wooden cylinder is in equilibrium.

Given that the water density is p,, = 1000kg/m3, the oil density is p, = 790kg/m? and the wooden
cylinder density is p = 600kg/m3,

(a) [5 pt] Find the fraction of the wooden cylinder is in the water?
(b) [5 pt] Find the condition between p,,, p,, 7, R; and R, such that the equilibrium of the wooden cylinder
is stable. (Hint: You need to consider the finite size effect of Ry, R, and r)
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Water
7K

oil
i




Solution:

(a) At equilibrium, we have

==

P, + pgh =P,
Py = Pyem + pwg(a —x)
P, =Py + pog(a+h —x)
= py(a—x)+ph=pyla+h—x)

= (po — pw)x = —ph + po(a + h) — pya

— (P - Po)h + (pw - po)a

=X
Pw — Po
a 30
X (P_Po)+(Pw_Po)E _190+210Xﬁ
Fraction of the cylinder in the water = — = =
h Pw — Po 210
19 30 11
=4 —=—
21 21 21

(b) If x = x + Ax (Ax > 0), the water level will rise and the oil level will drop.

The rise of the water level is

mR%(a + Aa,,) — nr?(x + Ax) = nR?a — nr2x

Similarly,

(R — R?)Aa, = nr?Ax = Aa, =

The net force acting on the cylinder is

Fnet = (Pl +pgh—P2)7TT2




P1:Patm+pwg(a+Aaw_x_Ax)
Py, = Pyem + po(a — Aa, + h — x — Ax)
= Fpet = pwg(a+ Aa,, —x — Ax) + pgh — p,g(a — Aayg + h — x — Ax)

r? r2
= pwg(lAa,, — Ax) + pog(Aay + Ax) = p,g <F_ 1) Ax + pog <W+ 1>Ax
1 2 - M

r? r?
- (PW (1)o7 1))”‘
The force will push the cylinder into the equilibrium position if F,,,; > 0
r? r?
:pW<R_f_1)+p0<m+1> > 0

R? — 12 - R —R? +r?
= —_ . -
Pw R% Po R% _ R%

4. [10 points] Four square metal plates of area A are arranged at an even spacing d as shown in the
diagram. (Assume that A > d?)
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Plate 1 121

Plate 2 122

d [ Plate 3 #23

d [ Plate 4 14

We perform the following steps to the system:

Step 1: Plate 1 and 4 are first connected to a voltage source of magnitude V;, with plate 1 positive; Plate2
and 3 are connected with a wire.

Step 2: Remove the voltage source between plate 1 and 4.
Step 3: Remove the wire between plate 2 and 3.
Step 4: Finally, plate 1 and 4 are connected by a wire.
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The steps are summarized in the diagrams below.
TESETXESRE -

P P

Step 1 Step 2
PR 92

Step 3
PR3

(

Step 4
HPR4

(a) [6pt] Find the potential difference AV;,, AV, and AV, at step 4, where AV;; = V; — V; is the potential

difference between plate i and j.

(a) [6 73] SKTIE 4 FFHIRRLZE AV, ~ AVys M AV, > B AV, =V, =V, RtR @ M j ZIBJAIEAUL

=o

(b) [4pt] What is the net electrostatic force acting on the plate 1 at step 4?
(b) [4 53] REER 4 (ERAEMR 1 LNBFFENZESD?

Solution:

We treat the plates as three capacitors in series. Each has an identical capacitance C. The figure below

then show the 4 steps.

Step 1 Step 2

Step 3

Step 4




Since C, is shorted initially, effectively there are only two capacitors in series. The voltage drop across
C; and C5 is V /2. The top plate of C; will then have a positive charge of g, = % Note that this means

that the bottom plate of C; will have a negative charge of —q,. Removing the voltage source and then the
wire across C, will not change the charges or potential drops across the other two capacitors.

Shorting the top plate of C; with the bottom plate of C; will make a difference. Positive charge will flow
out of the top plate of C; into the bottom plate of C5. Also, negative charge will flow out of the bottom
plate of C; into top plate of C,. The result is that C; will acquire a potential difference of V;, C, a potential
difference of V, and C; a potential difference of V5.
Let the final charge on the top plate of each capacitor be g4, g, and g5 respectively.
Kirchhoff’s loop rule implies,

V1 + VZ + V3 = 0
By symmetry, we have

Vl — V3

= 2V1 - _VZ

By charge conservation between the bottom plate of C; and the top plate of C,, we have

1
—qo=—"q1+qx=> Vo=V +V,

2
1
= VZ = — §VO
And
1
Vl = E VO
Final answer:
1 1 1
AVy, = EVOr AV,3 = §Vo; AV, = gVo

(b) The charge on the top plate is

CAV 1egA
Q1 = 12 =g Yo
And the electric field inside the top capacitor is
B=—3 "%

The electric force acts on the top plate is

10
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