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Pan Pearl River Delta Physics Olympiad 2025 

2025 年泛珠三角及中华名校物理奥林匹克邀请赛 

Sponsored by Institute for Advanced Study, HKUST 

香港科技大学高等研究院赞助 

 

Simplified Chinese Part-2 (Total 2 Problems, 60 Points) 

简体版卷-2（共2题，60分） 

 

(1:30 pm – 5:00 pm, 2 February 2025) 

 

All final answers should be wri1en in the answer sheet.  
所有最后答案要写在答题纸上。 

All detailed answers should be wri1en in the answer book. 
所有详细答案要写在答题簿上。 

There are 2 problems. Please answer each problem star:ng on a new page. 
共有 2题，每答 1题，须采用新一页纸。 

Please answer on each page using a single column. Do not use two columns on a single page.  
每页纸请用单一直列的方式答题。不可以在一页纸上以双直列方式答题。 

Please answer on only one page of each sheet. Do not use both pages of the same sheet. 
每张纸单页作答。不可以双页作答。 

Rough work can be wri1en in the answer book. Please cross out the rough work a@er answering the ques:ons. No working 
sheets for rough work will be distributed. 
草稿可以写在答题簿上，答题后要在草稿上划上交叉，不会另发草稿纸。 

If the answer book is not enough for your work, you can raise your hand. Extra answer books will be provided. Your name and 
examina:on number should be wri1en on all answer books. 
考试中答题簿不够可以举手要，所有答题簿都要写下姓名和考号 。 

At the end of the compe::on, please put the ques6on paper and answer sheet inside the answer book. If you have extra 
answer books, they should also be put inside the first answer book. 
比赛结束时，请把考卷和答题纸夹在答题簿里面，如有额外的答题簿也要夹在第一本答题簿里面。 
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Problem 1: Golfer’s Nightmare [30 pt]  问题 1: 高尔夫球手的噩梦 [30分] 

What happens when a golf ball rolls along the inner ver:cal wall of the cylindrical hole under gravity? Normally, one thinks the 
ball will go in and never come back up. However, it is o@en observed that the ball first rolls down along the wall and but then 
it rolls back up without touching the bo1om of the hole.  
在重力作用下，高尔夫球沿圆柱形洞的内垂直壁滚动时会发生什么？通常，人们认为球会滚进去而不会再滚上来 
。然而，常常观察到球先沿着墙壁滚下，然后又滚上来而不接触洞底。 
 
Some mathema6cs Iden66es may be useful in this problem:  
在这个问题中，这些数学恒等式可能有用: 
 

𝐴 ⋅ $𝐵&⃗ × 𝐶) = 𝐵&⃗ ⋅ $𝐶 × 𝐴) = 𝐶 ⋅ $𝐴 × 𝐵&⃗ ) 
𝐴 × $𝐵&⃗ × 𝐶) = $𝐴 ⋅ 𝐶)	𝐵&⃗ − $𝐴 ⋅ 𝐵&⃗ )	𝐶) 

 
To understand this phenomenon, we consider a ball rolls without slipping along the ver:cal wall of a cylindrical hole at all 
:me. The hole has a depth 𝐻 and radius 𝑅. The ball is spherically symmetrical, has a mass 𝑚, a radius 𝑟 and a moment of 
iner:a 𝐼 = 𝐾𝑚𝑟!, where 𝐾 is a numerical constant that depends on the mass distribu:on inside the ball, such as 𝐾 = 2/5 for 
a uniform sphere and 𝐾 = 2/3 for a spherical thin shell, etc. Let 

𝑟 be the posi:on vector of the center of the ball; 
𝜔&&⃗  be the angular velocity vector of the rota:on of the ball; 
�⃗� be the constant accelera:on due to gravity poin:ng towards – 𝑧 direc:on, i.e. 𝑔 = −𝑔	�̂�"  

We ignore air fric:on in this problem.  
为了理解这种现象，我们考虑一个球在圆柱形洞的垂直壁上始终无滑动地滚动。洞的深度为 𝐻，半径为 𝑅。球是球对
称的，具有质量 𝑚，半径 𝑟及惯性矩为𝐼 = 𝐾𝑚𝑟²，其中 K是一个数值常数，取决于球内部的质量分布，例如，对于均
匀球体𝐾 = 2/5，对于球形薄壳𝐾 = 2/3等。设 

 𝑟	为球心的位置矢量；  
𝜔&&⃗  为球的旋转角速度矢量；  
�⃗�  为重力引起的恒定加速度，指向 – 𝑧方向， 即 �⃗� = −𝑔	�̂�"。 

 在这个问题中，我们忽略空气摩擦。 
 
The situa:on is shown in Figure 1 below in cylindrical coordinates. Point 𝐶 is the center of the ball. Point 𝑃 is the contact point 
between the ball and the wall. The basis vectors  �̂�#	𝑎𝑛𝑑	�̂�$ are the basis vectors in cylindrical coordinates (𝜌, 𝜙, 𝑧), where 𝜌 is 
the perpendicular distance from 𝐶 to the 𝑧-axis, 𝜙 is the azimuthal angle measured from 𝑥-axis and 𝑧 is the ver:cal distance of 
𝐶 from the 𝑥𝑦-plane containing the origin 𝑂. Given the basis vectors in cylindrical coordinates as 

�̂�# = cos𝜙 𝚤̂ + sin𝜙 𝚥,̂ �̂�$ = −sin𝜙 𝚤̂ + cos𝜙 𝚥,̂ �̂�" = 𝑘S  
where �̂�, 𝚥 ̂and 𝑘S  are the unit vectors of the Cartesian coordinates along 𝑥, 𝑦	and 𝑧 axis, respec:vely. 
情况如图 1所示，使用圆柱坐标系表示。点𝐶 是球的中心。点 𝑃 是球与墙的接触点。基矢量 	�̂�#	 和 �̂�$是圆柱坐标系 
(𝜌, 𝜙, 𝑧) 中的基矢量，其中 𝜌 是从 𝐶 到 𝑧	轴的垂直距离，	𝜙 是从𝑥轴测量的方位角，𝑧 是	𝐶 到包含原点 𝑂 的 𝑥𝑦 平面的
垂直距离。给定圆柱坐标系中的基矢量为：  

�̂�# = cos𝜙 𝚤̂ + sin𝜙 𝚥,̂ �̂�$ = −sin𝜙 𝚤̂ + cos𝜙 𝚥,̂ �̂�" = 𝑘S  
其中 �̂�, 𝚥 ̂和 𝑘S 分别是笛卡尔坐标系中沿𝑥, 𝑦和𝑧轴的单位矢量。 
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PART I: No fric6on between the ball and the wall.  第一部分：球和墙之间没有摩擦。 
Firstly, we begin with a case where the wall and the ball are fric:onless.  
首先，我们从墙和球没有摩擦的情况开始。 
Suppose the force exer:ng on the ball by the wall at the contact point 𝑃 is �⃗� = −𝑁�̂�# which is only the normal force.  
假设在接触点 𝑃 处，墙对球施加的力为 �⃗� = −𝑁�̂�#，这只是法向力。 

(a) 
Write down the posi:on vector of point 𝐶 in terms of 𝑚,𝑔, 𝑅, 𝑟, 𝜙, 𝑧, their deriva:ves and basis vectors 
in cylindrical coordinates.  
用 𝑚,𝑔, 𝑅, 𝑟, 𝜙, 𝑧	及其导数和圆柱坐标系中的基矢量表示点 𝐶 的位置矢量。 

1 Points 
1 分 

(b) 

Given the ini:al condi:on: at :me 𝑡 = 0, 𝑧(0) = 𝐻, 𝜙(0) = 0, �̇�(0) = 0 and �̇�(0) = Ω > 0. Find 𝜙, 𝑧 
and 𝑁 as a func:on of 𝑡.  
给定初始条件：在时间 𝑡 = 0 时，𝑧(0) = 𝐻， 𝜙(0) = 0，	�̇�(0) = 0  和 �̇�(0) = Ω > 0。 求 𝜙, 𝑧 和 
𝑁 作为 𝑡 的函数。 

2 Points 
2 分 

 
PART II: Rolling without slipping on the wall 第 II部分：沿墙无滑动滚动 
SeXng up the problem问题设置 
As we see in PART I, without fric:on, obviously, the ball will only accelerate downward. Now, we consider the ball is rolling 
without slipping on the wall surface. Suppose the forces exer:ng on the ball by the wall at the contact point 𝑃 include the 
normal force and the sta:c fric:on as 
正如我们在第一部分中看到的那样，没有摩擦时，球显然只会向下加速。现在，我们考虑球在墙面上无滑动地滚动。

假设墙在接触点 P处对球施加的力包括法向力和静摩擦力，如下所示： 
�⃗� = −𝑁�̂�# + 𝐹$�̂�$ + 𝐹"�̂�" 

Using cylindrical coordinates, let the posi:on of the center of mass (CM) of the ball as 
使用圆柱坐标系，设球的质心位置为 

𝑟 = 𝜌�̂�# + 𝑧�̂�" 
and the angular velocity vector of the ball with respect to the CM as 
及相对于质心的球角速度矢量为 

𝜔&&⃗ = 𝜔#�̂�# +𝜔$�̂�$ +𝜔"�̂�" 
Answer the following ques:ons in terms of 𝑚,𝑔, 𝑅, 𝑟, 𝜙, 𝑧, 𝑁, 𝐼, 𝐹$, 𝐹", 𝜔#, 𝜔$, 𝜔" and their deriva:ves.  
在必要时，用 𝑚,𝑔, 𝑅, 𝑟, 𝜙, 𝑧, 𝐼, 𝑁, 𝐹$, 𝐹", 𝜔#, 𝜔$, 𝜔"及其导数回答以下问题。 

(c) 
Find the equa:ons of mo:on describing the CM of the ball.  
找出描述球质心运动的方程。 

3 Points 
3 分 

(d) 
Write down a set of differen:al equa:ons for 𝜔#, 𝜔$	and	𝜔".  
写出  𝜔#, 𝜔$	和	𝜔"的一组微分方程。 

3 Points 
3 分 

(e) 
Write down equa:ons of the rolling without slipping condi:on.  
写出无滑动滚动条件的方程。 

2 Points 
2 分 

Solving the problem 解题 
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0 Figure 1. (a) The ball 
and the cylinder. (b) Top 
view of the situation. 
图1. (a) 球和圆柱体。 
(b) 顶视图 
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(f) 
Find, from the equa:ons of mo:on, that the rate of change of the z-component (ver:cal) of the total 
angular momentum of the ball with respec:ve to the origin 𝑂.  
从运动方程中找出球相对于原点 𝑂 的总角动量在 𝑧 分量（垂直）的变化率。 

3 Points 
3 分 

Consider the ini:al condi:on that at the top of the hole as at :me 𝑡 = 0, 𝑧(0) = 𝐻, 𝜙(0) = 0, �̇�(0) = 0 and �̇�(0) = Ω > 0.  
考虑初始条件：在洞的顶部，即时间 𝑡 = 0时 ， 𝑧(0) = 𝐻，𝜙(0) = 0，𝜌 = 𝑅 − 𝑟，	�̇�(0) = 0 且 �̇�(0) = Ω > 0。 

(g) 
Show that the ver:cal mo:on of the ball is a simple harmonic mo:on. 
证明球的垂直运动是简谐运动。 

3 Points 
3 分 

 
Since the ver:cal mo:on is a SHM, if the golf ball has a :ny non-zero ini:al downward mo:on at the top of the hole, the ball 
will first roll down and, at the :me that the golfer is happy about finishing the hole, the ball will come back up and out again. 
That is the golfer’s nightmare! 
由于垂直运动是简谐运动，如果高尔夫球在洞的顶部有一个微小的(非零)初始向下运动，球将首先沿着洞壁向下滚
动，当高尔夫球手因为球进了洞而高兴时，球会再次向上并走出洞来。这就是高尔夫球手的噩梦！ 

Consider the ball is a uniform solid sphere, i.e. 𝐾 = !
%
. 

 考虑球是一个均匀实心球，即 𝐾 = !
%
。 

(h) 
Find the angular frequency of the ver:cal SHM, Ω", in terms of the ini:al angular velocity of the CM of 
the ball around the hole, Ω.  
找出垂直简谐运动的角频率 Ω"，用球质心绕洞的初始角速度 Ω 来表示。 

1 Points 
1 分 

(i) 
Find minimum depth of the hole 𝐻& such that the ball will not touch the bo1om of the hole in terms of 
𝑔 and Ω.  
找出洞的最小深度𝐻&，使得球不会触碰洞底，用 𝑔 和 Ω 来表示。 

1 Points 
1 分 

 
Interpreta:on of the phenomenon 现象解释 
Where does the energy go?  能量去哪了？ 

(j) 
Using energy conserva:on, find the magnitude of angular velocity 𝜔#, 𝜔$	and	𝜔"	of the ball at the 
lowest point in its ver:cal mo:on.  
使用能量守恒，找出球在其垂直运动最低点时的角速度分量𝜔#、𝜔$ 和 𝜔" 的大小。 

2 Points 
2 分 

 
 
What makes the ball go upward aDer geEng into the hole?  是什么让球在进入洞后向上运动？ 
To help explaining this phenomenon, one can inves:gate the mo:on of the 
ball in a reference frame 𝑆’	(𝑥', 𝑦′, 𝑧′) that rotates about the 𝑧-axis with the 
same angular velocity Ω�̂�" as the mo:on of the ball around the hole. In this 
𝑆’ frame, the 𝜙′ value of the posi:on of the ball is fixed at 𝜙' = 0.  
为了帮助解释这一现象，可以研究在一个参考系  𝑆′	(𝑥', 𝑦′, 𝑧′) 中球的运
动，该参考系绕 𝑧 轴以与球绕洞运动相同的角速度 Ω�̂�" 旋转。在这个 
𝑆′ 系中，球的位置的 𝜙′ 值固定为  
𝜙' = 0。 
 
In this rota:ng frame, there are three fic::ous forces including the 

centrifugal force, the Euler force �⃗�( = −𝑚Ω&&⃗ ̇ × �⃗�′ and the Coriolis force 

�⃗�) = −2𝑚Ω&&⃗ × *
*+
𝑟′, where 𝑟' is the posi:on vector in 𝑆’ frame.  

在这个旋转参考系中，有三个虚拟力，包括离心力、欧拉力 �⃗�( = −𝑚Ω&&⃗ ̇ × 𝑟′  和科里奥利力 �⃗�) = −2𝑚Ω&&⃗ × *
*+
𝑟′   ，其中 

𝑟' 是 𝑆′ 系中的位置矢量。 
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(k1) 
Find the z-component of the centrifugal force of the en:re ball. 
找出整个球的离心力的 z 分量。 

3 Points 
3 分 (k2) 

Find the z-component of the Euler force of the en:re ball. 
找出整个球的欧拉力的 z 分量。 

(k3) 
Find the z-component of the Coriolis force of the en:re ball.  
找出整个球的科里奥利力的 z 分量。 

 
The rota:on of the ball about the y’-axis (or the 𝜙-componet in cylindrical coordinates) is coupled with the ver:cal mo:on of 
the ball when it is rolling without slipping. Therefore, knowing the torque of this rota:on will give us insight into why the ball 
can move up and down under gravity. Let the angular velocity of the ball in this rota:ng frame as 𝜔&&⃗ '.  
当球无滑动地滚动时，球绕  𝑦′ 轴的旋转（或圆柱坐标中的 𝜙 分量）与球的垂直运动耦合。因此，了解这种旋转的力
矩将帮助我们理解为什么球在重力作用下可以上下运动。设球在这个旋转参考系中的角速度为 𝜔&&⃗ '。 
 

(l1) 
Find the torque with respect to the CM of the ball due to centrifugal force. 
找出离心力相对于球质心的力矩。 

6 Points 
6 分 

(l2) 
Find the torque with respect to the CM of the ball due to Euler force. 
找出欧拉力相对于球质心的力矩。 

(l3) 
Find the torque with respect to the CM of the ball due to Coriolis force. 
找出科里奥利力相对于球质心的力矩。 

(l4) 
Iden:fy the fic::ous force and condi:on that yields a torque which corresponds to the ball rolling up 
the wall.  
找出产生力矩的虚拟力和条件，该力矩对应于球沿墙向上滚动的情形。 

 
Solu:on: 
(a) 
 𝑟 = (𝑅 − 𝑟)�̂�# + 𝑧	�̂�" 
(b) 
In general, in cylindrical coordinates �⃗� = $�̈� − 𝜌�̇�!)�̂�# + $𝜌�̈� + 2�̇��̇�)�̂�$ + �̈��̂�" 
𝜌 = 𝑅 − 𝑟 and �̇� = �̇� = 0 

�⃗�,-+ = (−𝑁, 0,−𝑚𝑔) 
According to Newton’s 2 nd Law:  

_
𝑚(𝑅 − 𝑟)�̇�! = 𝑁
𝑚(𝑅 − 𝑟)�̈� = 0

�̈� = −𝑔
 

(c) 
𝑚(𝑅 − 𝑟)�̇�! = 𝑁 (1𝑎) 
𝑚(𝑅 − 𝑟)�̈� = 𝐹$ (1𝑏) 
𝑚�̈� = 𝐹" −𝑚𝑔	 (1𝑐) 

(d) 
Take moment about the CM of the ball. 

𝐿&⃗ = 𝐼 d
𝜔#
𝜔$
𝜔"
e 

�̇� = 𝐼 f
𝜔#̇
𝜔$̇
𝜔"̇
g+ d

0
0
�̇�
e	× 		𝐼 d

𝜔#
𝜔$
𝜔"
e = 𝐼 f

𝜔#̇
𝜔$̇
𝜔"̇
g + f

−�̇�	𝐼𝜔$
�̇�	𝐼𝜔#
0

g	

Torque 

𝜏 = 𝑟�̂�# × �⃗� = d
𝜔#
𝜔$
𝜔"
e 
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We have  

𝐿&⃗ ̇ = 𝜏 

𝐼�̇�# − 𝐼�̇�𝜔$ = 0 (2𝑎) 
 

𝐼�̇�$ + 𝐼�̇�𝜔# = −𝑟𝐹"	 (2𝑏) 
𝐼�̇�" = 𝑟𝐹$ (2𝑐) 

	
 

(e) 
(𝑅 − 𝑟)�̇� + 𝑟𝜔" = 0 (3𝑎) 

�̇� − 𝑟𝜔$ = 0 (3𝑏) 
 
(f)  
Combining (1b) and (2c), we have  

𝐼�̇�" −𝑚𝑟(𝑅 − 𝑟)�̈� = 0 (4) 
Differen:a:ng (3a) we have  

(𝑅 − 𝑟)�̈� = −𝑟�̇�" (5) 
Using (4) and (5), we find that  

𝐼�̇�" +𝑚𝑟!�̇�" = 0	
⇒ �̇�" = 0	
⇒ 𝜔" = constant 

Together with (3a), we have  
�̇� = constant 

Therefore, the z-component of the total angular momentum of the ball w.r.t. O  
𝐿"// = 𝑚(𝑅 − 𝑟)!�̇� + 𝐼𝜔" = constant 
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(g)  
From (2a) and (3b), 

�̇�# =
�̇��̇�
𝑟 =

Ω
𝑟 �̇� 

With the ini:al condi:on, 𝜔# = 0	𝑤ℎ𝑒𝑛	𝑧 = 𝐻, we have  

𝜔# =
Ω
𝑟
(𝑧 − 𝐻) (6) 

 
 
Combining (1c), (2b), (3b) and (6) together with 𝐼 = 𝐾𝑚𝑟!, we have 

�̇�$ = −
𝐾

𝐾 + 1Ω𝜔# −
𝑔
𝑟

1
𝐾 + 1	

�̈�
𝑟 = −

𝐾
𝐾 + 1

Ω!

𝑟 	
(𝑧 − 𝐻) −

𝑔
𝑟

1
𝐾 + 1 

�̈� = −
𝐾

𝐾 + 1Ω
! 	p𝑧 − 𝐻 +

𝑔
Ω!𝐾q 

The ver:cal mo:on is a SHM.  
 

(h) Angular frequency = Ω0 = r 1
123

	Ω.  

(i) the equilibrium is at 𝑧4 = 𝐻 − 5
6!1

. The amplitude of the ver:cal oscilla:on is 𝐴 = 5
6!1

. 

The minimum H is 𝐻789 = 2𝐴 = !5
6!1

. 

(j) The gravita:onal poten:al energy is converted into the rota:onal energy along �̂�#. Since 𝜔" is constant: 𝜔" = − :;<
<
Ω  

 and 𝜔$ =
"̇
<
= 0	at the lowest point, the gravita:onal poten:al energy can only be converted into 3

!
𝐼𝜔#! as 𝜔#! =

6!

<!
(𝑧 − 𝐻)! 

increases as z decreases from H. At the lowest point 𝑧 = 𝐻 − 2𝐴, 

𝜔# =
5𝑔
Ω𝑟 			or		

2𝑔
𝐾Ω𝑟 

 
(k1) Centrifugal force = −𝑚𝛺&⃗ × $𝛺&⃗ × 𝑟′)	. Since Ω&&⃗ = Ω�̂�"", the z-component is zero. 
(k2) Euler force is zero as Ω̇ = 0 
(k3) Coriolis force is zero along z’-axis since $Ω&&⃗ × 𝑟′) ⊥ �̂�""  
(l1) Centrifugal force is radially outward; thus, its torque is zero. 
(l2) It is zero as Euler force is zero as a whole.  
(l3) The velocity of a point in the ball in the rota:ng frame is due to the spinning 𝜔&&⃗ ′ of the ball only because the CM does not 
move w.r.t. the rota:ng frame. We have  

�⃗�′ =
𝑑
𝑑𝑡 �⃗�′ = 𝜔&&⃗ ' × 𝑟>′ 

where �⃗�>′ is the posi:on vector measured from the CM of the ball.  

𝜏 = −2w𝑑𝑚	𝑟>
' × pΩ&&⃗ × (𝜔&&⃗ ' × 𝑟>′)q	

= −2	w𝑑𝑚	$(Ω&&⃗ ⋅ 𝑟>′)(𝑟>′ × 𝜔&&⃗ ′) − (Ω&&⃗ ⋅ 𝜔&&⃗ ′)(𝑟>′ × 𝑟>′)) 

= −2	w𝑑𝑚	$Ω&&⃗ ⋅ 𝑟>
')$�⃗�>

' × 𝜔&&⃗ ')	
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= −2	w𝜌𝑑𝑥>'𝑑𝑦>'𝑑𝑧>' 		Ω	𝑧>'$𝑟>
' × 𝜔&&⃗ ') 

The integra:on on 𝑥>' , 𝑦>' and 𝑧>′ is over the volume of the ball from its center.  
Since the integra:on limit of 𝑧> ’ is symmetrical about 𝑧> ’ = 0, only even func:on of 𝑧>′ in the integrant will be non-zero. 
Therefore, only the terms linear to z’ in (𝑟' × 𝜔&&⃗ ') will survive. That is  

𝑧>'𝜔?"�̂�@' − 𝑧>'𝜔@"�̂�?' 
The torque becomes 

𝜏 = −2	w𝜌𝑑𝑥>'𝑑𝑦>'𝑑𝑧>' 	Ω	𝑧>'$𝑧>'𝜔?"�̂�@" − 𝑧>'𝜔@"�̂�?")	

= −2	w𝜌𝑑𝑥>'𝑑𝑦>'𝑑𝑧>' 	𝑧'
!$Ω	𝜔?"�̂�@" − Ω	𝜔@"�̂�?") 

Using Ω&&⃗ = Ω	�̂�"', we have  

𝜏 = −2	w𝜌𝑑𝑥>'𝑑𝑦>'𝑑𝑧>' 	𝑧>'
!$Ω&&⃗ × 𝜔&&⃗ ′)	

The integral over the volume of the ball with respect to the center of mass can be evaluated by cuXng the ball into layers of 
circular disk with radius (𝑟! − 𝑧>'!) and thickness 𝑑𝑧>′   

w𝜌𝑑𝑥>'𝑑𝑦>'𝑑𝑧>' 	𝑧>'
!	

= 𝜌w𝜋$𝑟! − 𝑧>'
!)𝑑𝑧>' 	𝑧>'!	

= 𝜌w 𝜋$𝑟!𝑧>'! − 𝑧>'
A)𝑑𝑧>'

<

;<
	

=
𝑚

4
3𝜋𝑟

B
	𝜋	2	 y

𝑟%

3 −
𝑟%

5 z	

=
1
5𝑚𝑟

!	

So the torque is  

𝜏 =
2
5𝑚𝑟

!		$ω&&⃗ ′ × Ω&&⃗ ) = 𝐼$ω&&⃗ ′ × Ω&&⃗ )	

 
(l4) 
For non-zero 𝜔?' , the Coriolis force yields a torque along 𝑦′ direc:on which gives the ball a rolling mo:on up and down along 
the wall.  
 
Qualita:vely:  
Coriolis force yields a torque along y’ direc:on which results in a ver:cal upward mo:on of the ball.  
All fic::ous forces are zero to the CM. Centrifugal and Euler force yield zero torque to the ball. However, the Coriolis force 
provides non-zero torque to the ball and the magnitude of the torque is propor:onal to 𝜔#.  

The Coriolis force is �⃗� × Ω&&⃗ . At different points on the ball, the veloci:es are different. Since Ω&&⃗ = Ω�̂�", the velocity along z-axis 
can be ignored.  
Consider the rota:on along −�̂�#.  
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The Coriolis forces on the top and bo1om part of the ball are in opposite direc:on. These forces give the ball a net torque along 
�̂�$. Rota:on along �̂�$ is coupled with the ver:cal mo:on of the ball under the rolling without slipping condi:on. Therefore, the 
Coriolis force imposed on 𝜔# gives rise to the ver:cal mo:on of the ball.  
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Problem 2: Genera;on of ultrashort electromagne;c pulse[30 pts]  
问题 2: 超短电磁脉冲[30分] 
The Nobel Prize in Physics 2018 & 2023 were awarded to pioneers who contributed to “Method of genera:ng high-intensity, 
ultra-short op:cal pulses” and “Genera:on of a1osecond pulses of light for the study of electron dynamics in ma1er”. 
A1osecond pulse refers to electromagne:c field with a dura:on on the order of 10-18 second. The advent of a1osecond 
technique has made possible the study of ultrafast dynamics in physical, chemical and biological systems at a record high 
temporal resolu:on. Thus far, the most widely used method to generate a1osecond pulse (Nobel Prize in Physics 2023) is to rely 
on the interac:on of gas molecules and intensive femtosecond laser pulse (Nobel Prize in Physics 2018). In this ques:on, we will 
explore some important aspects of the short pulse genera:on. 
2018 年和 2023 年诺⻉尔物理学奖授予了在“产⽣⾼强度、超短光脉冲的⽅法”和“产⽣⽤于研究物质电⼦动⼒学的阿秒
光脉冲”⽅⾯做出贡献的物理学家。阿秒脉冲是指持续时间约为 10-18 秒的电磁场。阿秒技术的出现使得以⾼时间分辨
率研究物理、化学和⽣物系统中的超快动⼒学成为可能。迄今为⽌，最⼴泛使⽤的产⽣阿秒脉冲（2023 年诺⻉尔物理
学奖）的⽅法是依靠⽓体分⼦与强⻜秒激光脉冲的相互作⽤（2018 年诺⻉尔物理学奖）。在这个问题中，我们将探讨
产⽣超短电磁脉冲的基本物理过程。 

 
 
The following iden:ty may be useful:  
在这个问题中，这个数学恒等式可能有用: 

w 𝑒;CD!𝑒;ED+𝑑𝜔
F

;F
= r

𝜋
𝑎 exp y−

𝑡!

4𝑎z 

 
Physical constants物理常数: 
Electric charge元电荷: 𝑒 = 1.60 × 10;3G	C 
Electron mass电子质量 𝑚- = 9.11 × 10;B3	kg  
Speed of light in vacuum真空中的光速 𝑐 = 3.00 × 10H	m/s 
Planck constant普朗克常数 ℎ = 6.63 × 10;BA	Js 
 
Part A: Ultrashort laser pulse  超短激光脉冲 
The simplest form of pulsed electromagne:c field is a sinusoidal wave (center frequency 𝜔4) dressed in a Gaussian profile with 
peak 𝐸4 and a standard devia:on of 𝜏I/√2. 
脉冲电磁场的最简单形式是具有高斯包络的中心频率为𝜔4的波动振荡，峰值为 𝐸4，标准差为 𝜏I/√2	。 

 

A1 

Please find the complex expression of a Gaussian signal in the :me domain. Note that a Gaussian laser 
pulse must have its electric field averages to zero over :me. Show your answer sa:sfy the constraint 
above. 
请找出高斯信号在时域中的复数表达式。请注意，随着时间的推移，高斯激光脉冲的电场平均值

3 Points 
3 分 

!

2#!

$"
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必须为零。请证明你的答案满足上述约束。 

A2 

The most commonly used laser for genera:on femtosecond pulses employs :tanium-doped sapphire 
(Ti:sapphire) crystal as its gain medium. It emits light with photon energy around 1.55 eV. Please find the 
expression of Gaussian pulse (Full-width at half maximum 35 fs in dura:on) out of such laser cavity. 
最常用的产生飞秒脉冲的激光器采用掺钛蓝宝石（Ti:sapphire）晶体作为其增益介质。它发出光
子能量约为 1.55 eV 的光。请求出该激光腔的高斯脉冲（半高宽为 35 fs）的表达式。  

2 Points 
2 分 

 
A Gaussian pulse that is only dependent on :me cannot propagate in real space. Consider a Gaussian pulse propaga:ng in one 
dimensional vacuum along the 𝑧-axis.  
仅依赖于时间的高斯脉冲无法在实空间中传播。考虑沿 z 轴在一维真空中传播的高斯脉冲。 

A3(1) 

Please find the expression the electric field 𝐸(𝑧, 𝑡) of a Gaussian pulse and show that your answer can 
indeed propagate. Hint: you may use the complex form to describe the propaga:ng wave.  
请找出高斯脉冲电场的表达式 𝐸(𝑧, 𝑡)，并证明你的答案确实可以传播。 
提示：您可以使用复数形式来描述传播波。 

1 Points 
1 分 

A3(2) 
Please find the expression of the electric field 𝐸(𝑡) if it is a Gaussian pulse a@er propaga:ng at a distance 
𝐿 in medium of the frequency dependent refrac:ve index 𝑛(𝜔). 
如果是高斯脉冲，在有频率依赖的折射率 𝑛(𝜔) 的介质中传播距离	𝐿 后，求电场 𝐸(𝑡) 的表达式。 

1 Points 
1 分 

 
Part B: Dispersion 色散 
Before entering the a1osecond (10-18 s) regime, it historically took numerous effort of researchers to just generate femtosecond 
pulses (1 fs = 10-15s), which now can be readily obtained from a standard Ti:sapphire laser and serve as the star:ng point to 
generate the even shorter a1osecond pulse. One challenge at the :me was to devise a laser cavity that can fight against the 
strong dispersion arise from traversing the Ti:sapphire crystal, an indispensable element in which amplifica:on takes place. The 
dispersion here means the frequency dependent refrac:ve index in the Ti:sapphire crystal, which has a strong absorp:on at 2.5 
eV.  
在实验技术能够进入阿秒尺度（10-18s）之前，研究人员在上世纪付出了大量努力研究如何产生飞秒脉冲（1 fs = 10-15s）。
从而，使得我们现在可以较为容易地从钛蓝宝石激光器获得飞秒脉冲。而飞秒脉冲激光是产生更短的阿秒脉冲的起始

光源。获得稳定飞秒脉冲输出需要克服的一大挑战是激光谐振腔内增益介质（钛蓝宝石晶体）带来的强色散效应。这

里的色散是指 Ti:蓝宝石晶体中与频率相关的折射率，在 2.5 eV对应的能量处有很强的吸收。 
 
 

B1 

Assuming the transi:on responsible for the absorp:on can be described with a classical model for an 
oscilla:ng bound electron (mass 𝑚) oscilla:ng at a characteris:c frequency (Ω4) about a nucleus. In the 
presence of an external AC E-field of amplitude 𝐸4 oscilla:ng at single frequency 𝜔, please find the largest 
possible displacement of the electron. The damping force of the oscillator can be described by 𝑓* =
−𝑚𝛾𝑣 where 𝑣 is the velocity of the oscillator and 𝛾 is a single parameter to describe the total effect 
from energy loss of all kinds. 
假设电子对 2.5eV 的光吸收跃迁，可被以特征频率 Ω4 围绕原子核振荡的束缚电子（质量 𝑚）这
一经典模型来描述。在外部交流电场（振幅为𝐸4，频率为𝜔）驱动的情况下，请找出电子的最大
可能位移。电子受迫振动过程的阻尼力可以用𝑓* = −𝑚𝛾𝑣来描述，其中 𝑣 是振子的速度，𝛾 是描
述各种能量损失的总影响的单个参数。 

4 Points 
4 分 

B2 

Suppose the par:cle density of absorp:ve Ti3+ centers is 𝑁 . Find the polariza:on density 𝑃  and the 
corresponding dielectric func:on 𝜀(𝜔) , where 𝑃 = 𝜀4(𝜀< − 1)𝐸 . Make a drawing of the frequency 
dependent dielectric func:on 𝜀(𝜔) and index of refrac:on 𝑛(𝜔) from zero frequency all the way through 
2Ω4.   
假设吸收中心 Ti3+ 的粒子密度为𝑁，求极化密度𝑃及其对应的介电函数𝜀(𝜔)，其中𝑃 = 𝜀4	(𝜀< −
1)𝐸。请绘制频率依赖的介电函数 𝜀(𝜔) 以及折射率 𝑛(𝜔)，范围从零频率到至少	2Ω4。 

4 Points 
4 分 
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Part C: Pulse broadening effect 脉冲展宽效应 
A Gaussian pulse, of which the transient frequency is constant in the :me domain, is referred to as a Fourier-transform-limited 
pulse (𝜏I) and has the shortest possible dura:on at a given bandwidth. A@er propaga:ng through a dispersive medium of 
distance 𝐿, a transform-limited pulse will acquire a broadened pulse. It happens because the lasing frequency is close to the 
strong absorp:on line of the gain medium at 2.5 eV, and the high-order dispersion (frequency dependent part in refrac:ve index 
𝑛(𝜔)) will start to take effect. (Hint: The dissipa:ve part during propaga:on can be ignored.) 
 
In this part, it is useful to define the propaga:ng func:on 

𝛽(𝜔) ≡ 𝑛(𝜔)
𝜔
𝑐 ≈ 𝛽4 + 𝛽3(𝜔 − 𝜔4) + 𝛽!(𝜔 − 𝜔4)! +⋯ 

which can be expanded around the center frequency 𝜔4 of the Gaussian pulse. 
 
在时间域内载波具有恒定瞬时频率的高斯脉冲，通常被称为傅立叶变换极限脉冲，是在给定带宽下所能达到的最短的

脉宽	𝜏I 。变换极限脉冲在色散介质中传播距离 𝐿	后，将获得展宽的脉冲。发生这种情况是因为激光频率接近 2.5 eV 增
益介质的强吸收线，从而导致高阶色散效应（折射率 𝑛(𝜔) 中与频率相关的部分）。 (提示：传播过程中的耗散部分可
以忽略。) 
此处，如果定义一个随频率变化的传播函数并在中心频率𝜔!附近做展开 

𝛽(𝜔) ≡ 𝑛(𝜔)
𝜔
𝑐 ≈ 𝛽4 + 𝛽3(𝜔 − 𝜔4) + 𝛽!(𝜔 − 𝜔4)! +⋯ 

会对计算有所帮助。 
 

C1 

Show that the transform-limited pulse will broaden to a dura:on 𝜏 = 𝜏Ir1 +
(KL!M)!

O#$
, where 𝛼  is a 

constant, 𝛽! is the second-order propaga:on factor from expansion about the center frequency 𝜔4. (You 
may ignore effect from third-order and above)  

证明一个变换极限脉冲在传播距离𝐿后，其脉冲宽度将变为	𝜏 = 𝜏I	r1 +
(KL!M)!

O#$
，其中 𝛼 是常数，

𝛽! 是多项式展开的二阶传播因子。 (请忽略三阶以上传播因子的贡献)  

4 Points 
5 分 

C2 
For an ultrafast femtosecond laser to oscillate in its sta:onary state, please come up with a design to 
compensate for such pulse broadening effect.  
为了使超快飞秒激光器在形成稳态下振荡，请提出一种共振腔设计来补偿这种脉冲展宽效应。 

2 Points 
2 分 

 
Part D: High-harmonic genera6on of aMosecond pulse （高次谐波产生阿秒脉冲） 
Take a short femtosecond pulse from Ti:sapphire laser (center frequency 𝜔4) and focus it into a gas medium. One could generate 
light at integer mul:ples of the driving frequency, o@en referred to as high-harmonic genera6on (HHG).    
从钛宝石激光器（中心频率 𝜔4）获取高能量飞秒脉冲并将其聚焦到气体介质中，可以在𝜔4的整数倍频率上产生光辐

高反射镜（100% 反射）

增益介质

输出耦合器（<100% 反射）

泵源

激光束
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射，通常称为高次谐波产生（HHG）。 

 

D1 

One cri:cal step for HHG is to drive the bound charge of molecules in the non-perturba:ve regime to 
ini:ate the ioniza:on dynamics. If we take hydrogen molecules for HHG, please es:mate the peak electric 
field strength required to ini:ate the process.  
HHG 的一个关键步骤是在非微扰状态下驱动分子的束缚电荷, 以驱动电离动力过程。如果我们采
用氢分子作为 HHG，请估计有效驱动电离过程所需的峰值电场强度。 

2 Points 
2 分 

D2 
To allow radia:on at new frequencies, please modify the oscillator model correspondingly and show your 
modifica:on is viable. 
为了产生新的辐射频率，请相应地修改前面的振子模型并证明您的修改是可行的。 

4 Points 
4 分 

D3 
Show how one could leverage the high-harmonic field to generate a1osecond pulse.   

请展示如何利用高次谐波场来生成相较于飞秒脉冲更短的阿秒脉冲。 
2 Points 

2 分 

 
 
Solu1on: 
A1. 

𝑎(𝑡) = 𝐸!𝑒
"#

!

$"! cos(𝜔!𝑡 + 𝜑!)			(Real	form) 

𝑎(𝑡) = 𝐸!𝑒
"#

!

$"!𝑒%('##()#)				(Complex	form) 
 
The average electric field 

⟨𝑎(𝑡)⟩ = lim
+→-

1
2𝑇

? 𝐸!𝑒
"#

!

$"!𝑒%('##()#)𝑑𝑡
+

"+
= lim

+→-

𝐸!
2𝑇

? 𝑑𝑡
+

"+
A?

2√𝜋
𝜏.

𝑒"
$"!'!

/ 𝑒"%'#𝑒%('##()#)𝑑𝜔
-

"-
E

= lim
+→-

𝐸!
2𝑇

? 𝑑𝜔
-

"-

2√𝜋
𝜏.

𝑒"
$"!'!

/ A? 𝑒"%'#𝑒%('##()#)𝑑𝑡
+

"+
E = 0 

Here, we apply the iden1ty, 

w 𝑒;CD!𝑒;ED+𝑑𝜔
F

;F
= r

𝜋
𝑎 exp y−

𝑡!

4𝑎z 

 
A2 

𝜔! = 2𝜋𝑓 = 2𝜋
𝐸01
ℎ

= 2𝜋 × 375 × 1023Hz 

 
FWHM is 35𝑓𝑠 = 35 × 10"24s, 

⇒ 𝑒
"5467

!

$"! =
1
2
⇒ √ln 2 =

35𝑓𝑠
𝜏0

⇒ 𝜏0 = 4.2 × 10"23s 

𝑎(𝑡) = 𝐸!𝑒
" #!
(/.3×2!$%!:)! cos(2𝜋 × 375 × 1023Hz × 𝑡 + 𝜑!) 

 

w 𝑒;CD!𝑒;ED+𝑑𝜔
F

;F
= r

𝜋
𝑎 exp y−

𝑡!

4𝑎z 

 
 
A3(1) 
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𝐸(𝑧, 𝑡) = 𝐸!? expA−
𝜏03(𝜔 − 𝜔!)3

4
E 𝑒%;'#"

'
< => 𝑑𝜔

-

"-
 

where 𝜔! = 𝑐𝑘 
𝜕3𝐸
𝜕𝑧3

= 𝐸!? A−
𝜔3

𝑐3
E expA−

𝜏03(𝜔 − 𝜔!)3

4
E 𝑒%;'#"

'
< => 𝑑𝜔

-

"-
 

𝜕3𝐸(𝑧, 𝑡)
𝜕𝑡3

= −𝐸!? 𝜔3 exp A−
𝜏03(𝜔 − 𝜔!)3

4
E 𝑒%('#"?=) 𝑑𝜔

-

"-
 

⇒
𝜕3𝐸
𝜕𝑧3

−
1
𝑐3
𝜕3𝐸
𝜕𝑡3

= 𝐸!? A
𝜔3

𝑐3
−
𝜔3

𝑐3
Eexp A−

𝜏03(𝜔 − 𝜔!)3

4
E 𝑒%;'#"

'
< => 𝑑𝜔

-

"-
= 0 

Which sa1sfies the wave equa1on. 
 
A3(2) 

𝐸(𝑡) = 𝐸!? expA−
𝜏03(𝜔 − 𝜔!)3

4
E 𝑒%;'#"@

'
< A> 𝑑𝜔

-

"-
 

 
 
B1: Equa1on of mo1on for harmonic oscillator 

𝑚�̈� +𝑚𝛾�̇� + 𝑚Ω!3𝑥 = −𝑒𝐸!𝑒%'# 
Trail solu1on: 𝑥(𝑡) = 𝑋!𝑒%'# 

⇒ (−𝑚𝜔3 + 𝑖𝜔𝑚𝛾 +𝑚Ω!3)𝑋! = −𝑒𝐸! 
Therefore, the largest possible displacement of the electron is 

⇒ 𝑋! =
1

𝑚(𝜔3 − Ω!3) − 𝑖𝜔𝑚𝛾
𝑒𝐸! 

B2: Polariza1on is defined as 

𝑃c⃗ = −𝑒𝑥(𝑡) = −
1

𝑚(𝜔3 − Ω!3) − 𝑖𝜔𝑚𝛾
𝑁𝑒3𝐸!𝑒%'#	 = A

𝑁𝑒3

𝑚
E

1
(Ω!3 −𝜔3) + 𝑖𝛾𝜔

𝐸c⃗ (𝑡) 

Dielectric func1on is given by 
𝑃c⃗ = 𝜖!(𝜖C − 1)𝐸c⃗  

⇒ 𝜖C = 1 + A
𝑁𝑒3

𝜖!𝑚
E

1
(Ω!3 −𝜔3) + 𝑖𝛾𝜔

 

 
C1: Given the propaga1on func1on 

𝛽(𝜔) ≡ 𝑛(𝜔)
𝜔
𝑐 ≈ 𝛽4 + 𝛽3(𝜔 − 𝜔4) + 𝛽!(𝜔 − 𝜔4)! +⋯ 
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𝑎DE#(𝑡) =
1
2𝜋

? 𝑎%@(𝜔)𝑒%'#𝑒"%F(')A𝑑𝜔
-

"-
=

1
2𝜋

? 𝑎%@(𝜔)𝑒%('##"F#A)𝑒"%('"'#)#𝑒"%AG𝛽1(𝜔−𝜔0)+𝛽2(𝜔−𝜔0)
2H	𝑑𝜔

-

"-
 

𝑎DE#(𝑡) = 𝑒%('##"F#A)
𝐸!
2𝜋

? expA−
𝜏03(𝜔 − 𝜔!)3

4
E𝑒"%('"'#)#𝑒"%AG𝛽1(𝜔−𝜔0)+𝛽2(𝜔−𝜔0)2H	𝑑𝜔

-

"-
 

Define 𝜔I = 𝜔 −𝜔!, 
 
 
 

𝑎DE#(𝑡) =
𝐸!
2𝜋

𝑒%('##"F#A)? expg−
𝜏03𝜔I

3

4
h𝑒"%'&𝑒"%A;𝛽1𝜔

′+𝛽2𝜔
′2>	𝑑𝜔I

-

"-

=
𝐸!
2𝜋

𝑒%('##"F#A)? expA−
𝜏03𝜔I

3

4
E 𝑒"%'&#𝑒"%A;𝛽1𝜔

′+𝛽2𝜔
′2>	𝑑𝜔I

-

"-

=
𝐸!
2𝜋

𝑒%('##"F#A)? expA−A
𝜏03

4
+ 𝑖𝐿𝛽3E𝜔I

3E𝑒"%G#(A𝛽1H'&	𝑑𝜔I
-

"-

=
𝐸!
2𝜋

𝑒%('##"F#A)? expk−𝑎𝜔I3l 𝑒"%J'&𝑑𝜔I
-

"-
 

=
𝐸!
2𝜋

𝑒%('##"F#A)? exp A−m√𝑎𝜔I +
𝑖𝑏
2√𝑎

o
3

E𝑒"
J!
/K𝑑𝜔I

-

"-
 

 

∝ 𝑒%('##"F#A) exp A−
𝑏3

4𝑎
E ∝ exp(𝑖𝜔!𝑡) exp A−

(𝑡 + 𝐿𝛽2)3

k𝜏03 + 4𝑖𝐿𝛽3l
E 

 
(𝑡 + 𝐿𝛽2)3

k𝜏03 + 4𝑖𝐿𝛽3l
~
𝑡3k𝜏03 − 4𝑖𝐿𝛽3l

r𝜏0/ + (16𝐿3𝛽33)t
~

𝑡3

𝜏03 +
16𝐿3𝛽33
𝜏03

+ oscillating	terms 

 

⇒ 𝜏DE# ≈ 𝜏0x1 +
16𝛽33𝐿3

𝜏0/
 

 
 
 
C2: Commonly used “inser1on device” is prism compressor (lower panel). Gra1ng compressor (upper panel), in principle, 
can work as well if the diffrac1on gra1ng can be op1mized to near-unity. Full score of 2 points gives to any one of the two 
scheme or their equivalence. 
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D1: For ioniza1on to occur, momentum acquired by par1cle in one cycle of field should exceed that converted from work 
func1on of bound charge (-13.6eV),  

𝑒𝐸
𝜔
~	momentum	acquired	by	particle	in	one	cycle	of	electric	~ield > √2𝑚𝑊 

⇒ 𝐸 > 𝜔
√2𝑚𝑊
𝑒

≈ 3 × 102!	
𝑉
𝑚
= 30

𝐺𝑉
𝑚

 

Remark: We can define the Keldysh parameter where 𝛾 ≡ 𝜔 √3MN
OP

< 1 

 
D2: In the strong field limit, the oscilla1on becomes anharmonic as the poten1al energy of bound charge follows the model 
of anharmonic oscillator, 

𝑢(𝑥) = 𝛼2𝑥3 + 𝛼3𝑥5 +⋯ 
𝑚�̈� = −2𝛼2𝑥 − 3𝛼3𝑥3 + 𝑒𝐸!𝑒%'## + 𝑂(𝑥/) 

𝑚�̈� + 𝛼2I𝑥 = 𝛼3I𝑥3 + 𝑒𝐸!𝑒%'## 
 
First order: 

𝑚�̈� + 𝛼2I𝑥 = 𝑒𝐸!𝑒%'## ⇒ 𝑥2 ∝ 𝐸!𝑒%'## 
2nd order: 

𝑥 = 𝑥2 + 𝑥3	(𝑥3 ≪ 𝑥2) 
𝑚(𝑥2̈ + 𝑥3̈) + 𝛼2I (𝑥2 + 𝑥3) = 𝛼3I (𝑥2 + 𝑥3)3 +⋯ = 𝛼3I (𝑥23 + 2𝑥2𝑥3 + 𝑥33) + ⋯ 

⇒ 𝑚𝑥3̈ + 𝛼2I𝑥3 ≈ 𝛼3I𝑥23 
⇒ 𝑥3 ∝ 𝑥23 ∝ 𝐸!3𝑒%3'## 

 
The stronger the field is, the high order terms gets more pronounced. In general, we can show that 

𝑥@ ∝ 𝐸!@𝑒%@'## 
 
 
D3: If oscillator is anharmonic, the n-th order dipole is ∝ 𝐸!@𝑒%@'## , 

Suppose 𝐸! ∝ 𝑒
"'

!

("! , 

⇒ 𝑃(@) ∝ 𝑒
"@#

!

$"! 𝑒%@'## = 𝑒

" #!

Q
$"
√@

R
!

𝑒%@'## 

~ ENF OF Paper 2 卷二完 ~ 
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