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All final answers should be written in the answer sheet.
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All detailed answers should be written in the answer book.
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There are 2 problems. Please answer each problem starting on a new page.
H 2, %18, JRHAFI— LK.

Please answer on each page using a single column. Do not use two columns on a single page.
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Please answer on only one page of each sheet. Do not use both pages of the same sheet.
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Rough work can be written in the answer book. Please cross out the rough work after answering the questions. No working
sheets for rough work will be distributed.
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If the answer book is not enough for your work, you can raise your hand. Extra answer books will be provided. Your name and
examination number should be written on all answer books.
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At the end of the competition, please put the question paper and answer sheet inside the answer book. If you have extra

answer books, they should also be put inside the first answer book.
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Problem 1: Golfer’s Nightmare [30 pt] [a]&H 1: '5/RFEERFHVESR [30 47]

What happens when a golf ball rolls along the inner vertical wall of the cylindrical hole under gravity? Normally, one thinks the
ball will go in and never come back up. However, it is often observed that the ball first rolls down along the wall and but then
it rolls back up without touching the bottom of the hole.
FEEIEAT » B/RREGEIP RN N E EBERIN SR B2 7 8E - AMTANKRSRH#AEZMASHER X

o SR W WERBRPERRBER T - G XCR FRIMA B -

Some mathematics Identities may be useful in this problem:
TEXAN AR > X e S rT RE A R

A-(BxC)=B-(CxA)=C-(AxB)
Ax(BxC)=(A-C)B-(4-B)C)

To understand this phenomenon, we consider a ball rolls without slipping along the vertical wall of a cylindrical hole at all
time. The hole has a depth H and radius R. The ball is spherically symmetrical, has a mass m, a radius r and a moment of
inertia | = Kmr?, where K is a numerical constant that depends on the mass distribution inside the ball, such as K = 2/5 for
a uniform sphere and K = 2/3 for a spherical thin shell, etc. Let

# be the position vector of the center of the ball;

@ be the angular velocity vector of the rotation of the ball;

g be the constant acceleration due to gravity pointing towards - z direction, i.e. § = —g &,
We ignore air friction in this problem.
N TERR MBS - A 1B E— DR AR R 5 BB R TR SRS < JRRVZEEN H » S R » BREERN
PRy - BATE m o B r REMAENT = Kmr? » Hip K 2—PMUEFEE > BURATERNETRBTE 216 - fld0 > T4
SEIRK = 2/5 > WTEKIPHRK = 2/3% - &
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The situation is shown in Figure 1 below in cylindrical coordinates. Point C is the center of the ball. Point P is the contact point
between the ball and the wall. The basis vectors €, and &4 are the basis vectors in cylindrical coordinates (p, ¢, z), where p is
the perpendicular distance from C to the z-axis, ¢ is the azimuthal angle measured from x-axis and z is the vertical distance of
C from the xy-plane containing the origin 0. Given the basis vectors in cylindrical coordinates as

é,=cospi+singj, &é,=—singpi+cospj & =k
where I, j and k are the unit vectors of the Cartesian coordinates along x, y and z axis, respectively.
TESAE 1 R > (EREREAIR RN o S0 BT » P ZERSRRHREL T - FRE ¢, Tl ep Bl IR &
(p, ¢, 2) THVFERE - H p ZM C 5 z BiHVEEEE - ¢ FEMBMERTE » 2 2 C FIE S A 0 #Y xy “FHHY
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é,=cospi+singj, &é,=—singpi+cospj & =k
o 1, § fl k Sy AR R RAR £y, yRIZ AR R & -
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PART I: No friction between the ball and the wall. S5—&84 * BRAIRE > ]85 BE#E -

Firstly, we begin with a case where the wall and the ball are frictionless.
BT ROIMNEERBRSEHE EENE TS -
Suppose the force exerting on the ball by the wall at the contact point P is F= —Né, which is only the normal force.

[BARAEEfA P 1 » HERSERBEION SN F = —Né, » BARA ] -

Write down the position vector of point C in terms of m, g, R, 7, ¢, z, their derivatives and basis vectors

N {EJ ¢ B -

(a) in cylindrical coordinates. 1 Fl’o/;;ts
Hm g,R 1, ¢z RESEFIFE AT APRVERER LA C I ERE -
Given the initial condition: at time t = 0, z(0) = H, ¢(0) = 0, 2(0) = 0 and ¢(0) = Q > 0. Find ¢, z

(b) and N as a function of t. ‘ 2 Points
BEMIASRMT:  AEN B t =0/ > 2(0)=H > $(0)=0- 2(0) =0 F1¢p(0) =Q>0- XK ¢, zHl 293

PART ll: Rolling without slipping on the wall 5§ Il 4y : JEREEIBEIESN

Setting up the problem [b] 5% &

As we see in PART I, without friction, obviously, the ball will only accelerate downward. Now, we consider the ball is rolling

without slipping on the wall surface. Suppose the forces exerting on the ball by the wall at the contact point P include the

normal force and the static friction as
BN HEL—E P ERINVANE - A EEER - BREARSE T I0EE « IAE - A B ERER w F g tRs) -
S BEE FEh 5 P AANI BRI IOy I B A A I RIAREEE ST » AN FR -

Using cylindrical coordinates, let the position of the center of mass (CM) of the ball as

(S IR AL TR 21 > RERAIBT ML B

T =pé, + zé,

and the angular velocity vector of the ball with respect to the CM as

KA TR BR AR R B

W= wpe, + Wpéyp + wze,

Answer the following questions in terms of m, g, R, 7, ¢,z,N, I, F¢, E, Wp, W, Wy, and their derivatives.
E%\gﬂj‘ ’ FH m, g: Rl r, ¢I z, IJ N; Fd); P‘ZI wpi wd}r wz&ﬁ@i&ﬁlgl’y\‘ltrﬂ%ﬂ °©

© Find the equations#of motion describing the CM of the ball. 3 Points
FHHR AR B L IS TR - 3

(d) Write down a set of differential equations for w,, wg and w,. 3 Points
G w,, wg M w0 JTHE - 343

(e Write dowgn eggat‘ions of the rolling without slipping condition. 2 Points
S TR REh SRR - 2 43

Solving the problem f#&




Find, from the equations of motion, that the rate of change of the z-component (vertical) of the total
(f) angular momentum of the ball with respective to the origin 0.

MBI RS TR S O (IS ASIEE z ivE (FEH) AV % -

Consider the initial condition that at the top of the hole as at time t = 0, z(0) = H, ¢(0) = 0, 2(0) = 0 and $(0) = Q > 0.
FIEIMGSRME  EERTES o BlEtE ¢ = 08f > z(0)=H  ¢(0) =0 p=R—71> 2(0)=0H $0)=0>0-

3 Points
345

@ Show that the vertical motion of the ball is a simple harmonic motion. 3 Points
8 | R E iR SR s - 39

Since the vertical motion is a SHM, if the golf ball has a tiny non-zero initial downward motion at the top of the hole, the ball
will first roll down and, at the time that the golfer is happy about finishing the hole, the ball will come back up and out again.
That is the golfer’s nightmare!

HTEEZEEIEDE) » DR S/RRIEAEFENITEA — MU NYGEZ)WIGIE T iEd) - BN E ST EE R
3l HE/RRERFROVERE TR E 4N - BREFRE _ EHELREE - X2 s/ R KRB TR |

Consider the ball is a uniform solid sphere, i.e. K = g

HHRIRE ML BIK =2

Find the angular frequency of the vertical SHM, (1, in terms of the initial angular velocity of the CM of i
(h) | the ball around the hole, Q. 1 F1’°,'Qts
HHE H RS s AR Q, - AU LSO A Q KER - 7
Find minimum depth of the hole H,, such that the ball will not touch the bottom of the hole in terms of 1 Points
(i) g and Q. ‘ B 143
HH i N Hyy » R ERA SRAERDHEE - g 11 KRR -
Interpretation of the phenomenon Bl fiFfE
Where does the energy go? SEEEHT ¢
Using energy conservation, find the magnitude of angular velocity w,, wg and w, of the ball at the 2 Points
1] lowest point [1 its vertical motion. B 0 4y
EHRERHE @ B H iR E AN IARE S B, ~ we Al w, BYR/N -

What makes the ball go upward after getting into the hole? B4 iLREH N AEH_EBE) ?
To help explaining this phenomenon, one can investigate the motion of the
ball in a reference frame S’ (x',y’, z") that rotates about the z-axis with the
same angular velocity (1€, as the motion of the ball around the hole. In this
S’ frame, the ¢’ value of the position of the ball is fixed at ¢p' = 0.

N TR —BR » A[LIHFE—1SF % S’ (x, Yy, 2) Bk
iLhf) 0 BBEREE 2 ML SERGERZ o EER A EE Q, ek - X
NS FHF o BREVALERY o' (EEED

$'=0-

In this rotating frame, there are three fictitious forces including the

Figure 2: Top view of the axes of the rotating frame S'. The

- N
centrifugal force, the Euler force Fy = —mQ X #’ and the Coriolis force fixed and rotating frames share the same origin and vertical
axis: z and z'.

R 4 B2 g5 2 " BV IT A o EERE R 27 Z 3t
F, = —-2mQ x E?I' where 7' is the position vector in S’ frame. ARSI EEE A 2 0 2 -

AR S S b AR QIEELT] - W) Fy = —m@ x 7 FOREBF) Fy = —2m@ x S7 - Hefs
PR S R ESR -



Find the z-component of the centrifugal force of the entire ball.
HRHENRNSELIIN 0 E -

Find the z-component of the Euler force of the entire ball. 3 Points
HHEANRNSTI N 2 0 & - 35
Find the z-component of the Coriolis force of the entire ball.

R BRIORHEURI 6T 2 9 -

(k1)

(k2)

(k3)

The rotation of the ball about the y’-axis (or the ¢-componet in cylindrical coordinates) is coupled with the vertical motion of
the ball when it is rolling without slipping. Therefore, knowing the torque of this rotation will give us insight into why the ball
can move up and down under gravity. Let the angular velocity of the ball in this rotating frame as @'.

MERTTE SRS - BREGE Y BhAVhER (SUEREALAR Y ¢ ) SERIVEEDSIEE o Bt - TREXMEREH
TR B BN (T 2 BRAEESE R N R PLE NiBsl) o WEREX MER % 2P HymEEN o -

(1) Fi\nd Te torque with r\espect to the CM of the ball due to centrifugal force.
FH S LTS T ER B LAY I8 -
(12) Fi\nd the torque with r\espect to the CM of the ball due to Euler force.
FH BRI AR T ER B LAY I8 -
Find the torque with respect to the CM of the ball due to Coriolis force.
H R A AR TR LY IE -
Identify the fictitious force and condition that yields a torque which corresponds to the ball rolling up
(14) | the wall.
Fett = AR BB U TRISRM: » B R BRI EIRBIAVIETE -

6 Points

(13) 64

Problem 2: Generation of ultrashort electromagnetic pulse[30 pts]

[F]RH 2: #E % E Rk A [30 53]

The Nobel Prize in Physics 2018 & 2023 were awarded to pioneers who contributed to “Method of generating high-intensity,
ultra-short optical pulses” and “Generation of attosecond pulses of light for the study of electron dynamics in matter”.
Attosecond pulse refers to electromagnetic field with a duration on the order of 10 second. The advent of attosecond
technique has made possible the study of ultrafast dynamics in physical, chemical and biological systems at a record high
temporal resolution. Thus far, the most widely used method to generate attosecond pulse (Nobel Prize in Physics 2023) is to rely
on the interaction of gas molecules and intensive femtosecond laser pulse (Nobel Prize in Physics 2018). In this question, we will
explore some important aspects of the short pulse generation.

2018 fFF1 2023 FIENURYIBFREFT T HE T4 SRE. SRR TIE =4 B FHRY RSB 73 HZ kM F
FEBOR AE ML TR R R, FREOR2IEFSENEAN 10° DHE#T. MHDEARNEIES NS ES %
RfRYIE. CEMEVRFFRERNAFZRATEE, 1251, &KOZERN~ERFHoR (2023 FiE IURYIE
FR) NITERKRESED T 52 CBUCHOREEER (2018 FiRIU/RYIEFER), XN EBA, BATPRERN
FHEBEBEAOTNEARYIELE,

The following identity may be useful:
FEXAN A XN EFE SRR -

f —aw? —iwt ) = U t?
_we e W= /a exp | — o
Physical constants $J3 5 ¥

Electric charge JTFEfa[: e = 1.60 X 10719 C

Electron mass Fi1-Jfis m, = 9.11 X 1073 kg

Speed of light in vacuum E.ZZ 11y ¢ = 3.00 x 108 m/s
Planck constant IEHTEEEI h = 6.63 X 10734 Js



Part A: Ultrashort laser pulse #8355 8¢k A+

The simplest form of pulsed electromagnetic field is a sinusoidal wave (center frequency w,) dressed in a Gaussian profile with
peak E, and a standard deviation of r,,/\/i.

fkop eI R R B A @ TR I P ORISR - (B By » PRAEZER 1, /N2 -

Please find the complex expression of a Gaussian signal in the time domain. Note that a Gaussian laser
pulse must have its electric field averages to zero over time. Show your answer satisfy the constraint

Al above.

B ST E SRR ERERAR < 1R - BENEVHER - s8R0t iy B FEE
MITNZE o TG IFBEIRAYE 20 e Rt 2y -

3 Points
35

The most commonly used laser for generation femtosecond pulses employs titanium-doped sapphire
(Ti:sapphire) crystal as its gain medium. It emits light with photon energy around 1.55 eV. Please find the
A2 expression of Gaussian pulse (Full-width at half maximum 35 fs in duration) out of such laser cavity.

B R A2 U BOR RO s R B EKIE A (Tissapphire) @ fAMENHIG 5705 - EAHDE
T-REfELNY 1.55 eV Y o 1K B0t s hior ((EEmi 35fs) HyFRIAR -

2 Points
29

A Gaussian pulse that is only dependent on time cannot propagate in real space. Consider a Gaussian pulse propagating in one
dimensional vacuum along the z-axis.

(ARH I (I O AR SR ZE W %8 - B0 2 fiE —HEE = T R ko b -

Please find the expression the electric field E(z, t) of a Gaussian pulse and show that your answer can

A3(1) indeed propagate. Hint: you may use the complex form to describe the propagating wave. 1 Points
TEHR TR YRR E (2, 1) FHERHREYE ZE6A 55 m] DS HE - 145
e - A DA EEUP 2R AU E R -
Please find the expression of the electric field E (t) if it is a Gaussian pulse after propagating at a distance i
. . o 1 Points
A3(2) | L in medium of the frequency dependent refractive index n(w). 14

WFTE SRR > ARV R n(w) B TET PRI L 5 > K E(0) BIRA -

Part B: Dispersion f2§{

Before entering the attosecond (1078 s) regime, it historically took numerous effort of researchers to just generate femtosecond
pulses (1 fs = 10'%°s), which now can be readily obtained from a standard Ti:sapphire laser and serve as the starting point to
generate the even shorter attosecond pulse. One challenge at the time was to devise a laser cavity that can fight against the
strong dispersion arise from traversing the Ti:sapphire crystal, an indispensable element in which amplification takes place. The
dispersion here means the frequency dependent refractive index in the Ti:sapphire crystal, which has a strong absorption at 2.5
eV.

FESIR RIS A TR RIE (10%%) 21 > BIFE A SE LU A T ARSI =4 K ioT (195=1075s) -
M EERHA TIAE v DUBON & 25t M ERTE £ B0 EE RS WPk © 11 Wb BkA ot 4 Ry Pl R i R YL 4a
IR o SR RE Wb Bk R R B e IR AT — ARk R O B IR NI 25 T (BAIE A E AR ) T RAVIR RGN « X
BAYEEURTE TR E AR T SHEAEREHTH R - £ 2.5 eV WRAVEE BB TRIBHTRUT -



Assuming the transition responsible for the absorption can be described with a classical model for an
oscillating bound electron (mass m) oscillating at a characteristic frequency (£,) about a nucleus. In the
presence of an external AC E-field of amplitude E,, oscillating at single frequency w, please find the largest
possible displacement of the electron. The damping force of the oscillator can be described by f; =
—myv where v is the velocity of the oscillator and y is a single parameter to describe the total effect | 4 Points

B1 from energy loss of all kinds. 4 4
B EFY 2.5eV HYEIRURERIT » ATHLURHIERER Qo HSFEFRZIRIZAVR AR (T8 m) X
— 2 BRI - RSN (IRIENVE, » BN w ) WAEVIER T @ B AR KR
AIREALS - BT OIRENIREHIHE I PUR fa = —myvadiiil - Horh v B FHVERE - v 2
A PREEPIEH E A SR -
Suppose the particle density of absorptive Ti* centers is N. Find the polarization density P and the
corresponding dielectric function e(w), where P = g,(¢,, — 1)E. Make a drawing of the frequency

B> dependent dielectric function e(w) and index of refraction n(w) from zero frequency all the way through | 4 Points

s by T VKL T E AN > SRIRALE EP Fe X RIAT S F A e(w) > ELfP = & (& —
DE - BZaHCRIH TS AL e(w) LRGSR n(w) > SERMNEHRE]E /) 29, -

fE S (100% SZ4)
High reflection mirror
(100% reflective)

FiAR & RS (<100% K25 )
i) Output coupler
4 e (<100% reflective)

Laser beam

BOLH

Pump source

Part C: Pulse broadening effect fix R RN

A Gaussian pulse, of which the transient frequency is constant in the time domain, is referred to as a Fourier-transform-limited
pulse (7,) and has the shortest possible duration at a given bandwidth. After propagating through a dispersive medium of
distance L, a transform-limited pulse will acquire a broadened pulse. It happens because the lasing frequency is close to the
strong absorption line of the gain medium at 2.5 eV, and the high-order dispersion (frequency dependent part in refractive index
n(w)) will start to take effect. (Hint: The dissipative part during propagation can be ignored.)

In this part, it is useful to define the propagating function

B@) = (@) T fo + i@ = o) + Bolw = 00)? + -
which can be expanded around the center frequency w, of the Gaussian pulse.
TR (RIS N EOR BA 1E e B ARy S kot » 38 O AL B (R ko - BAEAE T N ATRE A SV a Y
BkDE T, o AHURIRBCORE EB Y TP ERRIES L IS » FERERE RO « XM E RSO ZR T 2.5 eV 1
T/ TTTHYSRIUN 2, - T SEGS I RN (FTHER n(w) F SIERMHERAVETT) o (FEr @ EREERE R HVRESED 7 0]
DAz - )
BEAA > WIERTE X — MR LA E B B AE H LR w o B T B T

B@) = (@) T fo + Bi(@ = o) + Bolw = 00)? + -

=W EAFTHE -



Show that the transform-limited pulse will broaden to a duration 7 = 1, /1 + (aizL) , Where a is a
P

constant, 3, is the second-order propagation factor from expansion about the center frequency w,. (You 4 Points
c1 may ignore effect from third-order and above) 443

S BRI RBELIE » PRI 7 = 5y [1+ OB suup a it
Be JE BT W BT (RS = DL (R T 5T)

For an ultrafast femtosecond laser to oscillate in its stationary state, please come up with a design to 3 Points
Cc2 compensate for such pulse broadening effect. 343

AT ERER WEVEOLES R BES MR > iR RSO R A APk P R BN

Part D: High-harmonic generation of attosecond pulse (EZRiE =4 FRIFIEKH)

Take a short femtosecond pulse from Ti:sapphire laser (center frequency w,) and focus it into a gas medium. One could generate
light at integer multiples of the driving frequency, often referred to as high-harmonic generation (HHG).

U\%itiE Hotes (LR wo) FREUERER WIDRKR IR BRI SR BT AT E 0o HY BRI 7= A hE
Bt EEMOEZGOER T4 (HHG) ©

One critical step for HHG is to drive the bound charge of molecules in the non-perturbative regime to
initiate the ionization dynamics. If we take hydrogen molecules for HHG, please estimate the peak electric .
D1 field strength required to initiate the process. 2 ;ojlets
HHG HI— RS R AT T IR T IS 70 F AV R S e ey, DA B sl 1R » JRFA 1R 7
S5 FEN HHG - B AR S e AR P R VI B A9 Y -
To aIIow radiation at new frequencies, please modify the oscillator model correspondingly and show your 4 Points
D2 modification is viable. 443
N T ARSI - AN E ST RAR AR A E SO A T -
03 Show how one could leverage the high-harmonic field to generate attosecond pulse. 2 Points
B ERAME A & ZGE R sk A AR BT WD ko SRR R Pl b ko 29
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